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on ULTIMATE RATIOS. 


* 


1. eee part of the labour of geometricians 

has been employed in comparing the areas of 
curvilinear figures with rectilinear figures, and the 
areas of curvilinear figures with each other; not merely 
on account of the importance of the ſubject itſelf, 
but becauſe almoſt all queſtions in philoſophy can'be 
reduced to a compariſon of ſuch areas. For inſtance 
there are no two forces in mechanics however related 
to each other, but geometricians can feign two figures 
fo circumſtanced that their areas ſhall have the ſame 
proportion to each other as the propoſed forces; 
therefore any theorems ſerving to diſcover the un- 
known. proportion of thoſe geometrical figures from 
the aſſumed circumſtances, will diſcover likewiſe the 
proportion of the forces analogous to them. An ex- 
ample of this fort we have in the doctrine of falling 
bodies, in which the proportion of the right lines de- 
ſcribed in their deſcent when the times of their fall 
are different, is found by comparing the areas of two 
right angled triangles. For if- the perpendicular 
heights of thoſe triangles be aſſumed proportional to 
the reſpective times ot deſcent and their baſes to the 
velocities acquired in the fall, it is demonſtrable that 
the right lines deſcribed in their deſcent will be pro- 


A portional 
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portional to the areas of thoſe triangles; and thus the 
right line deſcribed by heavy bodies in their fall, is 
1 be repreſented by the area of a right angled tri- 
—_ 3 8 
N 2. We find Newton frequently prefacing his prob- 
lems with this expreſſion, Conceffis figuraram curviline- 
arum quadraturis, regairitur, Cc. that is by feigning 
ſome, geometrical figure whoſe area he will ſhow to be 
analogous to the quantity ſought, the problem is re- 
duced to a geometrical one. By this means we are 
aſſured that the conditions of the problem involve no 
inconſiſtency but that it is poſſible; and if the art of 
comparing curvilinear figures be ſufficiently under- 
ſtood, the ſolution itſelf may be drawn from hence, 
and perhaps many other circumſtances may be in- 
ferred, which otherwiſe would not eaſily appear. 
3. The primary method of comparing the magni- 
- rude of rectilinear figures, is by laying them upon one 
another, it being an axiom that ſuch as agree in all 
their parts are equal T. Thus all the right lined 
figures which in the firſt book of the Elements are 
proved to be equal, are always ſhown to be the ſum 
or difference of ſuch as would reſpectively cover each 
other. This is the direct and beſt way of reaſoning, 
m which the agreement of the extreme ideas is ſhown 
by their continual agreement with intermediate ideas 
of the ſame kind : but-this method cannot be applied 
in comparing curvilinear figures with rectilinear ones, 
becauſe no part of a curve line,. can ever coincide 
with a ſtraight line. 
4. To extend geometry to the comparing curvili- 
near with rectilinear” figures the antients made uſe of 
the method of Exhauſtions Þ;-an example of which we 
have in the ſecond 8 of the twelfth book of 
Euclid. I ſhall only obſerve upon it, that the * 
| made 


* K's Phyſics Left. XI. Theorem XVII. Carts De defeenſir 
gravium. Mac Laurin's Account, &c. B. II. Chap. 5. 

+ Axiom 8 and prop. 4. El. J. 

+ See Arihimedss de guadratura arabolu, Cc. 
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made uſe of is what is called reduFio ad abſurdum, which 
though ſtrictly logical is always tedious, inaſmuch as 
every propoſition muſt be divided into two eaſes, in 
one of which you are to 'ſhow that the former of the 
quantities to be compared together is not greater than 
the latter, and' in the other that it is not leſs. 

5. To contract this method of reaſoning, Cavalerius 
propoſed what is called the method of Indivi/ibles®*, in 
which he was followed by Dr. Wallis and others of the 
laſt century, In this method every line was ſuppoſed 
to conſiſt of a number of other lines of the ſinalleſt 
poſſible length; every curve was conſidered as a poly- 
gon each of whoſe ſides is one of thoſe indiviſible lines; 
with other like ſuppoſitions equally abſurd and un- 
geometrical. Theſe principles ſoon led their followers 
into perplexity and oft times into error, nor was it 
eaſy to fix bounds to thoſe liberties when once in- 
troduced. 5 | 

6. To avoid both the tediouſneſs of the antients 
and the inaccuracy of the moderns, Sir Iſaac Newton 
introduced what he called the method of prime and 
ultimate ratios, the foundation of which 1s contained 
in the firſt Lemma of the firſt book of the Principia. 
Many difficulties have been ſtarted and much contro- 
verſy raiſed eoncerning the proof of it; all which 
would have been avoided had either the author or 
his readers obſerved that he 1s in reality laying dbwn the 
definition of a term, (namely, being U!timately equal,) and 
not proving a propoſition. Taking therefore this firſt 
Lemma for a definition it may be explained, (not 
proved) in the manner following. . 

7. Let there be two quantities, one fixed and the 
other varying, fo, related to each other that irt the 
varying quantity continually approaches to the fixed 
quantity. GSeconaly, that the varying quantity does 
never reach or paſs beyond that which is fixed. 


| "> "Olay, 
See Geometria indiviſibilibus promota. Ed. 1635. ES 
+ See ſeveral pamphlets written by Mr. Robins and Dr. Furin 
in the years 1736 and 1740, and other papers in the memoirs of 
literature for thoſe and the intermediate years, 
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Thirdly, that the varying quantity approaches nearer 
to the fixed quantity than by any aſſigned difference &, 
then is ſuch a fixed quantity called the limit of the 
varying quantity; or in a looſer way of ſpeaking, the 
varying quantity may be ſaid to be ultimately equal 
tao the fixed quantity f. Theſe three properties may 
be otherwiſe expreſſed more diſtinctly thus. Firſt, 
the difference between the varying quantity and the 
fixed quantity muſt continually decreaſe. Secondly. 
this difference muſt never become either nothing, or 
negative, Thirdly, this difference muſt become leſs 
in reſpect to the fixed quantity than by any aſſigned 
ratioz or the difference between the two quantities 
muſt become a leſs part of the fixed quantity than 
any fractional part that is aſſigned, how ſmall fo ever 
the fraction expreſſing ſuch part may be. Where- 
ever theſe properties are tound, the fixed quantity is 
called the /imit of the varying quantity, or the vary- 
ing quantity is faid to be ultimately equal to the fixed 

uantity. This laſt phraſe muſt not be taken in an 
ablolute literal ſenſe, there being no ultimate ftate, no 
particular magnitude that is the ultimate magnitude of 
ſuch a varying quantity. Under the word quantity 
in this definition muſt be included not only numbers, 
lines, &c. but more eſpecially ratios conſidered as a 
peculiar ſpecies of quantity; but as the conſideration 
of ratios which have limits is difficult, we ſhall begin 
with examples of other quantities. 


EXAMPLES 


Propius accedunt quam pro data guavis difftrentia. 
+ Some writers ſeem to have dropped the ſecond condition out 
of their idea of a limit; however Newton plainly -ſuppoſes it. 
His words are — Ultime rationes revera non ſunt rationes 
guantitatum ultima um, ſed limites ad quos quantitatum ſine limite de- 
creſcentium rationes ſemper, appropinguant; et quas propius afſequi 
poſunt quam pro data quavis differentia, nunquam vero tranſgredi, 

te Scholium ad Lemma XI. Lib. I. Princip. pag. 38. Ed. z. 


t See Rudiments of Mathematics, Part II. par. 124. 
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EXAMPLES IN NUMBERS. 


8. Let there be formed a ſeries whoſe firſt term is 
I 


8 


term being half the preceding term thus; 1 2 5 4 


unit , ſecond 2 third of fourth =, and ſo on, ever 
| 2 4 / 


I 1 

3* 15 | 
terms in this ſeries be conſidered as continually va- 
rying, being continually increaſed by the acceſſion of 
a new term; thus the ſum of two terms is 12, of 
three terms is 12, of four terms is 14, &c. | ſay 
then that the varying ſum of the terms of this ſeries, 
continually approximates to the fixed number 2 as 
its limit. For the difference between the ſum of one, 
two, three, four, &c. terms and the number 2 will be 


&c. and let the ſum of an indefinite number of 


the numbers 1 bp. 8 5 &c. ſucceſſively in in- 
| 224 18 --- 


finitum, Here it is evident that the terms of this laſt 
feries which expreſs the ſucceſſive differences between 
the growing ſum of the terms of the former ſeries 
and the number 2, frft continually decreaſe; /econdly 
no term in this. ſeries of differences can become either 
nothing or negative; thirdly we may continue this 
ſeries of ſucceſſive differences, till we come to a tem 
which ſhall be a leſs part of the fixed number 2, than 
any fractional part that can be aſſigned, or ſo that 
this difference ſhall be leſs when compared: with the 
number 2, than in any proportion aſſigned. For in- 
ſtance we may continue this ſeries of differences, *rill 


we come to a term which ſhall be leſs than a 4 
| 1000 


1 5 
th part 
O00 


part of the number 2, or leſs than the 8 


of the number 2, or *cill you come to a term which 
ſhall be leſs than any other fractional part of the 
a3 num- 
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number 2 which you pleaſe to point out and aflign, 
The number 2 then having the conditions laid down 
in the definition is to be called the limit of the ſum of 


| 1 1 1 1 7 

the terms of this infinite ſeries 1 . 8 $2 500 &c. 
Any infinite ſeries being propoſed, if a number can 
he pointed out having the conditions before mentioned 
then ſuch ſeries is faid to have a limit, 
In the uſual phraſe of mathematicians, the number 
2 in our example would be called the ſum of all the 
terms in the propoſed ſeries continued in infinitum ; 
but in this. caſe the words muſt not be underſtood in 
their literal ſenſe, it being abſurd to ſpeak of the ſum 
of all the terms of an infinite ſeries, that is, of a ſeries 
which has ng all to its number of terms. When ma- 
thematicians talk of finding the ſum of an infinite 
ſeries, they neither mean the ſum of any particular 
number of terms, nor yet the ſum of all the terms, 
but the limit of the ſum of the terms as before ex- 
plained. , | 
9. No number leſs than 2, for inſtance 14 can be 
taken for the limit; for in this caſe it will not anſwer 
the ſecond condition. In this example the ſum of 
four terms of the ſeries equals 14, and the ſum of 
five terms exceeds it; therefore the difference between 
this ſum and the number 15 propoſed as a limit is in 
the former caſe nothing, and in the latter negative. 
No number greater than 2, for inſtance. 3, can be 
taken for the limit, becauſe the laſt condition will be 
wanting. For if the ſum of any aſſigned number of 
terms be always leſs than 2, that ſum muſt always 
want more than unity of the number 3, and conle- 
quently cannot approach nearer to 3 than by the aſ- 
ligned difference: .. . 


10. In like manner the ſum of the ſeries 1 9 55 


>, &c, continued in jafigitum will be 13 the ſeries 
* | of 
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of ſucceſſive differences being >. > . . 2, &c: in 
| 2 18 54 

infinitum. Tt | 

11. To give a ſimilar inſtance in Geometry ; Let 
AI (in fig. 1.) be an indefinite right line, on which 
ſer off the equal parts AB. BC. CD. DE, &c. on 
As, make a ſquare“, on BC a right angled parallelo- 
gram whoſe breadth Bô is half the ſide AB, on CD 
a parallelogram whoſe breadth Ce is half the breadth 
of the former parallelogram, on DE another whoſe 
breadth is half Cc and fo on. It is evident that the 
right lined figure compoſed of all theſe parallelo 
though infinite in extent from A towards J, is yet 
finite in area, and is equal to twice the ſquare upon 
AB; that is, though there is no limit to the extent 
of ſuch a figure from A towards J, yet there is a limit 
to its area in our ſenſe of the word limit; nor is it 
ſtrange that quantities which have no limits in one 
reſpect, ſhould yet have limits in another. 

12. To make the example in par. 8. general. Let 
a: þ expreſs the common ratio of any ſeries of num- 
bers in continual proportion whoſe firſt term is unity; 
I ſay then that if @ be greater han b, ſuch a ſeries 


will have a limit, viz. =, or in other words the ſum 
of all the terms of that ſeries continued in infinitum 
will be —;. For the terms of this ſeries will be 


— 
2 3 F 
„ © 
The ſum of 1 term is. 1 
2 terms is — 
3 terms is aaab+bb 
as . 
3 
4 terms is — l 
1 Tas 
* 46 El. I. 
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Let each of theſe ſums be ſubtracted from the limit 


= and we have the ſucceſſive differences 


b „ hs 
No &c. or if 
be any aſſigned number of terms, the difference be- 


tween the ſum of that number of terms and — 


will be EN oy * Whence we may obſerve, frf 


that as the number of terms to be ſummed up in- 
creaſes, this difference 2, K* continually de- 
| | creaſes, 


; * ** ſum of any particular number of terms , may be thus 
ound. | 
Let 4, B, C, D, E be any ſeries in continual proportion. Then 
A is to BasB to C, or as C to D, or as D to E. Therefore 
A. 3, C, D or all the terms except the laſt, are antecedents; and 
3, C, D, E, or all the terms except the firſt, are conſequents. 
Put & for the ſum of all the terms, and S- will be the ſum of 
all the antecedents, and 8S— 4 will be the ſum of all the conſe- 
quents. Whence (by 12. El. V.) 4: B:: S-: 8—4, and 


-A B-. and Sg | 
Cor. In a decreafing ſeries continued is infinitum, the laſt term 


E vaniſhes ; and the ſum of the whole ſeries is = 
8* Þ 


Put 2 and the ſeries before mentioned (viz. 1. K 2 2 
4 a & 6 


&c.) for = terms will ſtand thus; 

I. TT T.. . Is. 8 
Here A=1, B=x, Eg, whence & or the ſum of x terms is 
==, Now becauſe x is a fraction leſs than unity, its powers 
will tontinually decreaſe. By increaſing , the number x" may 
become leſs than any aſſigned fraction; that is when # is infinitely 


great, x" vaniſhes; and we have 5 1 and reſtoring x, 


a 
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.creaſes, becauſe - being a fraction leſs than unity, its 


powers continually decreaſe. Secondly, this difference 
can never become nothing or negative; the powers of 
a fraction though they decreaſe being always real and 
affirmative. Thirdly, - this difference may become leſs 


in reſpect of — than by any aſſigned proportion, 
5 * We > hs 

For a= 18 tO 2x? as 4 18 to TRE or as 4 

2 


b 
therefore the powers of : continually increaſe, and by 


- a a . — | | - 
is to & or as 71 is to 1; but is greater than unity, 


| increaſing the index » the number 7 may become 


greater than any aſſigned number, conſequently 7 | 


may become greater in reſpect of 1, or 1 leſs in re- 
ſpect of % than by any aſſigned ratio; therefore the 


Sq: Js | a 
difference 2 may become a leſs part of 2 


than any aſſigned fractional part. The quantity — 


therefore having theſe three properties agrees with the 
definition of a limit of the growing ſum of the terms 
of the ſeries, or we may ſay (in the language of ma- 
thematicians) that it is equal to the ſum of all the 
terms continued in infinitum. | 
13. What has been thus proved may be ſhown 
more conciſely by dividing @ by a—b in the manner 
of compound diviſion in arithmetic; for the quotient 
will be the very ſeries propoſed in the example, and 
it may be further confirmed by wry, Fn 
| | er 
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ſeries by a—4b, for the product will be a, all the terms 
except the firſt deſtroying one another; therefore 4 
divided by @—b is equal to that whole ſeries “. | 
14. We may obſerve that if every term of the fore- 
going {ſeries be multiplied by any number c it will 


become cx. &c. that is, a ſeries of 


numbers in continual proportion whoſe common ratio 
is that of à to þ as before, but whoſe firſt term is c. 
It is evident therefore, that in this caſe, to find the ſum 
of all the terms we muſt multiply the former limit by 


8 ac 
c, that is, it will be —. 


a—b 
. Example 1. Let the firſt term be 1, and the 
common ratio 10 to 1, then the ſeveral terms of the 


"TY 1 1 hi 
ſeries are 1. 6% · 100 ——=» &c, or if we expreſs | 
them decimally | 
the 1ſt term is 1, 
| 0 o, 1 
* o, ol 
4* o, o01 ; 
their ſum 1,111, &c, =—12_—? 
10o— 49 


Example 2. Let the firſt term be 1, the common ratio 
9 to I, and the terms expreſſed decimally are 
| the 


Hence again we may find the ſum of „ terms in this feries. 
For putting _—_ as before, the laſt or th term will be , and 
the remaining terms of the ſeries will be "++! + a2 + a3, 
Ec. =x"Xx1+x+x*+x*+ x*, &c. N Subtract 


XxX 1 — 


this from 2 or the ſum of all the terms, and there will remain 
the ſum of the firſt à terms == as before. 
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I, 
25 0, 111111 
30 0,012345 
i 0001371 
88 o, ooo 132 
6* 0,000017 


their ſum 1,124996 == I,125, 


16, Before we proceed to conſider ratios that have 
limits we muſt learn to diſtinguiſh between the terms 
of a ratio and the ratio itſelf, The terms of a ratio 
may vary through all degrees of magnitude, and yer 
the ratio itſelf continue invariable. Let 42 (fig. 2.) 
be an indefinite right line, AT another interſecting ir 
in a given angle at A, and on any point P in AQ 
draw PM at right angles to 42 meeting AT in M. 
Let the point P move upon the right line 42 fo that 
AP and PM may increaſe and decreaſe, The lines 
AP and PM in this caſe may vary through all de- 
grees of magnitude, may become greater or leſs than 
any aſſigned line; that is, in the common language of 
mathematicians, may become infinitely great or infi- 
nitely little, yet the ratio of AP to PM is invariably 
the ſame, becauſe the triangles APM are always 
ſimilar. TR | | 

In this inſtance then, varying the terms does not 
| vary the ratio at all; in other inſtances varying the 
terms in infinitum does likewiſe vary the ratio in in- 
finitum; and there are inſtances where although 
changing the terms does change the ratio, yet the 
ratio never varies beyond certain limits, even though 
the terms themſelves ſhould increaſe or decreaſe in 
infinitum, The following example of this is bor- 
rowed from Saunderſon's Algebra, art. 336. 

157. Let x be any varying quantity; make 4x x+ 
3x=A and 2xx+x=B, then will A and B allo be 
varying quantities as depending upon x; when x va- 
niſhes A and J will bork yan, and when x is infi- 
nite 
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nite they will both be infinite, I ſay that the ratio 
of A to B while x decreaſes in infinitum approxi- 
mates to the ratio of 3 to 1 as its limit. For firſt A 
is to Bas 4xx+3x is to 2xx+x or as 4xX+3 is to 
2 & 41. Here it is eaſy to ſee that as x decreaſes the 
quantities 4x and 2x decreaſe, and conſequently the 
ratio of 4x-+3 to 2x-+1 or A to B approaches to 
that of 3 to 1, Secondly, the ratio of A to B can ne- 
ver reach or exceed that of 3 to 1, For 6xx+3x 
is to 2xx-+x as 3 is to 1, but 4xx+3xXx is a leſs 
quantity than 6xx+3 x, therefore 4xx+3x is to 
2xx-+x or A is to B always in a leſs ratio than that 
of 3 to 1. Laſtly, the ratio of A to B will approach 
nearer to that of 3 to 1 than by any aſſigned difference. 
For in the terms of this ratio 4x+3 and 2x +1, the 
varying parts 4x and 2x by diminiſhing x may be- 
come leſs than any aſſigned quantity while the other 
parts 3 and 1 remain the ſame; therefore the ratio of 
A to B will approach nearer to the ratio of 3 to 1, 
than by any aſſigned difference. 

In like manner the ratio of A to B, while x in- 
creafes in infinitum approximates to the ratio of 2 to 
1 as its limit. For ſince A is to Bas 4x+3 is to 


2& 1 or as 4+2 is to 2+- it is eaſy to fee that as 


x increaſes the quantities 3 and - decreaſe and con- 


ſequently the ratio of 4+2 to 2+: or A to B ap- 


proaches to the ratio of 4 to 2 or 2 to 1. Again; 
the ratio of 4 to B can never be leſs (that is nearer 
to the ratio of equaliry) than the ratio of 2 to 1. For 
4xXx+2Xx is to 2XX+x as 2 is to 1, but 4xx+3x is 
a greater quantity than 4xXx+2x; therefore 4x 
3X is to 2 xX ＋ Xx or A is to B always in a greater ra- 
tio than that of 2 to 1. Laſtly; the ratio of A to B 
will approach nearer to that of 2 to 1, than by any af- 


ſigned 
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ſigned difference, For in the terms of this ratio 4+ 

Z and 2+-, the variable parts Z and 1 » by increaling 
x may become leſs than any aſſigned fraction while 
the parts 4 and 2 remain the fame; therefore the ratio 
of A to B will approach nearer to the ratio of 4 to 2 
or 2 to 1 than by any aſſigned difference. 

Here then we ſee that though diminiſhing x and 
conſequently diminiſhing the terms A and B increaſes 
their ratio, and contrariwiſe increaſing theſe terms by 
increaling the quantity x decreaſes their ratio, yet 
there is a limit both to the increaſe and decreaſe of 
this ratio, although there is none to the terms them- 
ſelves that compoſe it. 

18. The ratio of 3 to 1 which limits the ratio of 
A to B when theſe terms decreaſe in infinitum is called 
the ultimate ratio of the evaneſcent quantities A and 
B; and it is likewiſe called, but more rarely, the it 
ratio of the naſcent quantities A and B. The ratio 
of 2 to 1, which is their other limit, is called the af. 
timate ratio of the quantities A and B increaſing in in- 
finitum. | | 

18. Another example of a ſimilar nature we have 
as follows. Let x be a varying quantity, and d a 
conſtant one, then will x+d and x be two varying 
quantities capable of all degrees of magnitude. I ſay 
that the ratio of x to x, while x increaſes will con- 
tinually decreaſe, but not beyond a certain limir, 
which limit is the ratio of equality. On the contrary, 
if x decreaſe, the ratio of x +d to x will continually 
increaſe more and more in infinitum and never come 


3 5 8 4. 
to a limit. For x+d is to x as I+- is to I; now as 


x increaſes, the fraction 2 decreaſes and may become 


leſs than any aſſigned fraction; but the number 1 
which is the other part of the antecedent of this ratio 
remains 
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temains the ſame, ſo likewiſe does the conſequent of 
this ratio, therefore the ratio of 1 +£ to 1 continually 
approximates to the ratio of equality. Secondly ; the 
fraction : has always ſome magnitude, therefore the 


antecedent +2 is ever greater than the conſequent 


1; therefore the ratio of 145 to 1 can never reach 


the ratio of equality, much leſs paſs it ſo as to be- 
come a ratio minoris inægualitatis, or a ratio in which 
the antecedent is leſs than the conſequent. Laſthy 


the varying fraction A as x increaſes, will become 


leſs than any aſſigned fraction, while the other part 
of the antecedent and likewiſe the conſequent of this 


ratio remains the fame. i Therefore this ratio of 145 


to r will approach nearer to the ratio of equality than 
by any ratio that can be aſſigned, how ſmall ſoever 
fuch ratio may be; therefore the ratio of equality is 


the limit of the ratio of 1+£ to x, and conſequently 


the limit of the ratio of x+4 to x which continually 
decreaſes while the terms which compoſe this ratio 
continually increafe in infinitum. 


If xx decreaſes then : will increaſe and may become 
greater than any aſſigned number, how great ſoever 


that number may be, while the other part of the an- 
tecedent and likewiſe the confrquent remain fixed, 


each being unity; therefore the ratio of 4 to 7, 


and conſequently the ratio of x Æ to x, as x decreaſes, 
will become greater than any aſſigned ratio n 
N | | 5 
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and ſo has no limit to its increaſe. Here we have an 
inſtance of a ratio that has a limit to its decreaſe, but 
none to its increaſe. 

We may obſerve that though the terms of this ra- 
tio, viz. x+d and x, never get nearer to each other, 
their conſtant difference being d, yet the ratio of the 
terms approximates to the ratio of equality ; though 
the terms get no nearer in their difference, yet (if the 
expreſſion may be allowed) they get nearer in their 
ratio. The difference of the terms and the ratio of 
the terms, are ideas very diſtinct from each other, and 
in no wiſe ſo connected, but that one may vary while 
the other is conſtant, In this inſtance the ratio varies, 
but the difference of the terms is conſtant; on the 
contrary, the difference between the two lines AP and 
PM in fig. 2. (ſee par. 16.) continually varies, but 
the ratio of thoſe lines is invariable. _ 

19. Although the ratio of equality may be ſtrialy 
called the Init of the varying ratio of the quantities 
x+8d and x, yet the terms of this ratio can never be 
ſtrictly ſaid to be equal, no not allimately equal, ſince 
that plainly ſuppoſes an ultimate ſtate in which they 
are equal; no nor equa when they vaniſſi into infinity, 
or when they ſtep out of finite exiſtence into infinity. 
There is no finite quantity next to infinity; no num- - 
ber (for inſtance) which is the next number to in- 
finity, and therefore no ſtep out of finite into infi- 
nite*, Nor can we ſay in ſtrictneſs that two infinitely 
great numbers with a finite difference are equal, it 
being a propoſition plainly abſurd and contradictory. 
There is no ſuch thing in nature as any infinitely 
great number; and it is contradictory to ſay of any 
to numbers, both that they have a difference, and 
that they are equal. Whoever conſiders that the idea 
of infinity is a general or abſtract idea, that the idea 
Neither is there any ſtep out of a /ate of nothin i 

finite exiſtence, There bs * 40 lll 2. to 2 — 


next fraction to nothing. No fraction can ever be aſſigned 
imall, but another fraction may be afligned that is ſmaller, 


— 
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of number is always particular, that infinity is a pro- 
perty of number“, a property of extenſion, &c. not any 
number, not any extenſion, &c. itſelf, will eafily ſee 
that theſe and ſuch like expreſſions can have no literal 
meaning 7. As for the metaphorical uſe of them to 
avoid circumlocutior or the introduction of new 
terms, it may be allowed (when once the literal mean- 
ing has been explained) on this as well as numberlefs 
other occaſions, both in ſcience and common life. 
20. When the difference between any two quanti- 
ties decreaſes ſo as to become a leſs fractional part 
of one of them than any aſſigned fractional part what- 
ever; or when the difference between the terms of = 


ratio becomes leſs in reſpect of one of them (the 
| 2 greater 


® See Locke. B. II. Ch. 16 at the end. Alſo Ch. 17. 

+ By ſaying that number or that extenſion is infinite, we mean 
only to aſſert the impoſſibility of limiting the increaſe of number 
or the increaſe of extenſion: we mean to aſſert the abſurdity of 
fixing upon any particular number how great ſoever, or any par- 
ticular extenſion how large ſoever, as the biggelt poſſible number 
or the greateſt poſſible extenſion. There is no ſuch thing exiſtin 
as a number actually infinite, or an infinite right line. Eucli 
requires you to allow the poſſibility of — a right line as 
far as ever he is pleaſed to direct, or as ſome would ſay, the poſ- 
ſibility of producing it ia infinitum, but he makes no propoſitions 

about infinite right lines — ixCcaratuuas ai Ivo ad ral worn in” 
aTrugey in the twelfth axiom which is tranſlated by Comman- 
dine, rectæ linez illæ in inſinitum productæ, is rendered by Dr. 
Simſon — theſe ſtraight lines being continually produced: So 
likewiſe Prop. 12. El. IJ. Ex! 117 Jo dera 10 dwiiges, — 
tranſlated by Commandine — ſuper data recta linea infinita — is 
rendered by Dr. Simſon —— upon a ſtraight line of an unlimited 
length. The term infinite has been ſo abuſed that it can hard] 
be admitted in mathematical writings any longer; and it is hig 
time to drop it, when authors talk of adding, ſubtracting, &c. 
infinites and infinite as familiarly as if they were common 
numbers. f Ks 

It may be proper to obſerve here, that as number and extenſion 
have no limit to their increaſe, ſo neither have they any limit to 
their decreaſe. It is abſurd to fix upon any particular fraction as 
the leaſt poſſible number, or to fix on any particular line as the 
leaſt poſſible extenſion There is no lea poſſible — There exiſts 
no ſuch thing as a fraction infinitely ſmall, or a line infinitely 
little; nor did Euclid or Archimedes or any of the antient geome- 


tricians ever ſuppoſe it. 


— 


OF ULTIMATE RATIOS, 17 


ater for inſtance) than by any aſſigned ratio (ac- 
cording to the third condition ir in par. 7.) we 
ſnall expreſs this for the future by ſaying that ſuch 
difference vaniſhes in reſpect of that (greater) quantity. 
21. Now if the difference between two terms va- 
niſhes in reſpect of one of them, it will alſo vaniſh 
in reſpe& of the other. It is true, that at any aſ- 
ſigned time, when the terms have a particular magni- 
tude, the difference between the terms will always be 
a leſs fractional part of the greater term than it is of 
the leſs term; but as this difference continually de- 
creaſes it will become the ſame fractional part of the 
leſs term that it was before of the greater term. For 
inſtance: let the leſſer of the propoſed terms be fixed, 
but let the greater be variable; let the leſs term be 
always 99, but the greater term at a certain point of 
time be 100; their difference at that particular time 


is 1, which is a 5th part of the leſs term, but is only 


an —th part of the greater term, Now as the dif- 


ference between the terms is ſuppoſed to continually 
decreaſe (ſo as to become equal to, or leſs than any 
propoſed fractional part of the greater term) let the 


: | I 
difference ſink to 0,99 (ſo as to become an 77h part 


of the greater term) and it will now be juſt an —th 


part of the leſs term; that is, the difference will now 
Ee ſame fractional part of the leſs term, that it 
was before of the greater term. The terms which, 


before were 100 and 99, will now be 99,99 and 9g, 
and their difference which before was 1, will now be 


o, 99, or an — part of 99: thus then if the dif- 


ference be at any time an —th part of the greater 
| B term, 
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term, it will (afterwards) alſo be an —th part of 
the leſs term; if the difference become a ——th part 


of the greater term, it will alſo become a ——=th part 


of the leſs term; and if the difference between the two 
uantities vaniſhes in reſpect of one of them, it does 
ſo vaniſh in reſpect of the other. | 
22, We may hence enlarge our definition, par. 7. 
and in laying down the third condition, ſay, the dif- 
ference muſt vaniſh in reſpect either of the fixed, or 
oo the varying quantity, ſince one of theſe implies the 
oOtker. "I 
23. What was laid down in-par. 21. is true, though 
neither of the terms be fixed, but both of them in- 
creaſe or decreaſe without limit perpetually. In the 
inſtance before conſidered, -par. 18. in which the 
terms were x +d and x, and where x continually in- 
creaſing, the terms themſelves do both of them con- 
tinually increaſe. In this inſtance if the difference 
vaniſhes in reſpect of one of the terms it will alſo va- 
niſh in reſpect of the other. Let x be to d at any aſ- 
figned point of time as x is to I; and d at that inſtant 


of time will be the — th part of the greater term, 


and the ch part of the leſs term; now though the 


cotemporary value of theſe fractions can never be 
equal, yet in ſucceſſion (as x and conſequently in- 
creaſes for ever without limit) the value of the latter 
fraction will become whatever the former has been. 


If = becomes leſs than any aſſigned fraction ſo will 


: likewiſe; and thus if the difference d vaniſhes. in 


reſpe& of one of the terms x+d (becauſe x increaſes 
o Bis | without 


. : | 
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without limit) ſo will 4 vaniſh alſo in reſpect of the 
other term x. The fame would be true if the terms 
were & and x- d, all things being as before. 

24. Again; if x by decreaſing vaniſhes in reſpect 
of ſome Fed quantity a, then will x. multiplied by 
any given number x or nx vaniſh in reſpect of a; or 
which 1s: the ſame, if x vaniſh in reſpect of a, fo like- 
wiſe will the quantity z, bearing to & the aſſigned 
(or as it is called the finite) rat: of z to 1, For 
though at any particular point of time, x is a ſmaller 
fractional part of @ than ax, yet x can be no aſſigned 
fractional part of à whatever, hut by further dimi- 
niſhing x, the quantity x may become the ſame 
fractional part of @ that x was before. If then æ 
may become equal to, or leſs than any, aſſigned frac- 
tional part of a, ſo likewiſe, may nx; that is, if x va- 
niſhes in reſpect of a, ſo likewiſe does xx. 

25. And for a like reaſon, if x vaniſh in reſpect of 
any quantity a, it will likewiſe vaniſh in reſpect of 
that quantity multiplied or divided by any number; 
or it will vaniſh in reſpect of a quantity, bearing to 
a any aſſigned ratio, as that of m to 1, Thus, if x 
vaniſh in reſpect of a, it will alſo vaniſh in reſpect of 
3a, 24, or za, or 3a. If any line vaniſh in reſpe& 
to the diameter of a circle, it will likewiſe vaniſh in 
reſpect of the radius, For whatever part of the di- 
ameter, the line x may be at any aſſigned point of 
time, let x further decreaſe till it be half what it was 
at that aſſigned time, and it will now be the ſame part 
of the radius that it was before of the diameter. By 
theſe rules we may frequently find when one quantity 
vaniſhes in reſpect of another propoſed quantity. 

26. We have ſcen before, that the ratio which two 
quantities beat to each other, may have a limit, al- 

. though the terms themſelves may increaſe or decreaſe 
perpetually without limit. If the terms approximate 
to each other, if the leſs never paſs the greater, and 
laſtly, if their difference vaniſh in reſpect of either 
term“, then the limit of their varying ratio is that of 

YE: equality; 
See par. 20. 21. 23. | 
B 2 
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equality; and this, whether the terms themſelves are 
ſuch as by increaſing do both of them become greater 
than any affigned quantity, or which is more common, 
ſuch as by decreaſing become leſs than any aſſi 
quantity, or as it is uſually called, infinitely little. Be- 
cauſe the idea of the terms of a ratio is leſs abſtract, 
than that of the ratio itſelf, it is more uſual to ſay 
that the terms themſelves in this caſe are ultimately 
equal, though ſtrictly it is the ratio of the terms only 
that comes to a limit; for the terms themſelves are 
here ſuppoſed to increaſe or decreaſe without limit, 
or as we commonly ſay, in infinitum. 

27. That the difference between two quantities 


may thus vaniſh in reſpect of thoſe quantities; even 
though the quantities themſelves do vaniſh in reſpect 


of ſome aſſigned (or finite) quantity, we ſhall ſhow 
by the following examples. 


LEMM A, 


28. The angle of reflection is equal to the angle of 
incidence *. | 
PROBLEM. 

29. Let a ray of light parallel to the axis EC (fig. 
3.) of a ſpherical concave ſpeculum, fall on a given 
point A: to determine the interſection of the refſected 
ray with the axis of the ſpeculum. 

Let AC be the ſpeculum, E the center, EC the 
axis, QA the incident ray parallel to the axis EC, and 
meeting the ſpeculum in A, let AT be the reflected 
ray interſecting the axis in T; draw the radius EA to 
the point of incidence, and becauſe the angles AET 
and HEA, allo AE and EAT ' f are equal, the tri- 
angle EAT is iſoſceles. From T draw 7D, perpen- 
dicular to EA, and it will biſect the radius EA in Dl. 
Laſtly draw AP the ſine of the arch AC whoſe verſed 
ſine is PC. Then we have EP: EA:: ED: ET; 
call EA=r, PC=v, and ED=zr, therefore r—v : r 
| 3331.6 
® Smith's Optics. Art. 8, + 29. El. | 
t Lemma, par. 28, [| 26. 
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2 | var war bo Poe ei ae _— 
$337: — and v vaniſhing ET gr. There- 
fore biſe& the radius EC in F, and if the incident ray 
9A be ſuppoſed always parallel to the axis EC, and 
continually to approach to it, the interſection T of 


the reflected ray, with the axis, will continually ap- 


proach to the point F, as its limit. . 

30. This is ſometimes proved thus, EP: EA:: ED 
: ET, but EP is to EA, ultimately in a ratio of equa- 
lity*, therefore ultimately ETZED, or half the 
radius. This will in ſome ſort appear from the na- 
ture of the figure itſelf; for while the incident ray 
approaches to the axis, the baſe EA of the iſoſceles 
triangle ZAT continues the ſame, but its height TD 
continually diminiſhes; therefore the ſides ET and 
TA will at laſt coincide with the baſe EA, and be- 
cauſe they are equal, ET will at laſt be equal to half 
the baſe, or half the radius+. maT 

31. But as this way of reaſoning may not ſeem very 
ſtrict, to ſhow the caſe clearly, we will prove, that 
the fixed quantity EF gr, is the limit of the varying 
zr N 
quantity ET == = 

The quantity ET always exceeds the limit EF, 
their difference FT being r 22, N 

r Fon 

firſt; this difference continually decreaſes as (the arch 
AC, and conſequently) v decreaſes: ſecondly, it never 
becomes negative: thirdly; it vaniſhes in reſpect of 


the varying quantity ET. For ET: FT::: zer 


Irv 52 
::: v, therefore as v yaniſhes in reſpect of r, ſo 


1 


does FT in reſpect of ET, the varying quantity; and 
therefore (as d ſhown . = Jorg ) FT va- 
niſhes in reſpect of the fixed quantity EF. 
32. We ice then, that although the point 7, ox in- 
| terſection 
gee par. 39. + Par. 42. | 


B3 
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terſection of the reflected ray with the axis, continu- 
ally recedes from the ſpeculum, while the incident 
ray by moving parallel to itſelf, approaches to the 
axis, yet this point cannot recede in infinitum, not 
even though the incident ray be ſuppoſed to approach 
infinitely near the axis. The point F is the limit to 
which the point of interſection may approach nearer 

than by any aſſigned diſtance, beyond which it cannot 
paſs, and at which it can never arrive, till (as we 
may ſay) the very interſection itſelf has loſt its being, 
by the coincidence both of the incident and reflected 
ray with the axis. 

3. This point F is called the focus of parallel rays, 
and the interval F the aberration of the reflected rays 
from their geometrical focus, Now, although FT va- 
niſhes in reſpect of EE, or half the radius, yet it 
does not vaniſh in reſpect of P C the yerſed fine. On 
the contrary, it approximates to half the verſed ſine 
as its limit, or to ſpeak more ſlrictly, it is the ratio of 
FT to PC, that approximates to the ratio of equa- 


lity. For the aberration FT equal to ha 


. =5-} 


and PC being equal to zv, 


T—V 


ru fu 
which never becomes negative; moreover, — = Þ - 


::7:V. Therefore as v vaniſhes in reſpect of r, fo 
does the difference between the aberration and half 
the verſed fine, in reſpect of the aberration, and con- 
ſequently in reſpect of half the verſed fine too. Nor 
is it ſtrange that the aberration - which vaniſhes in re- 
ſpect of the fixed quantity zr, ſhould yet come to a 
limit with the varying quantity :v, ſceing this laſt 
quantity does Iikewiſe vaniſh in reſpect of zr. 

34. If we were to repreſent this in the common 
conciſe 1 way of ſpeaking, we ſhould ſay, t Nat the aber- 


rv 
ration a} when v vaniſhes, becomes 2, or 2V, 


ſeem- 
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ſeeming to ſtrike v out of the denominator of the 
fraction, as being nothing, and yet retaining it in the 
numerator as being ſomething. Indeed, if v in the 
numerator be conſidered as nothing, the whole ex- 
preſſion vaniſhes, and the aberration is nothing, or 
rather there is no aberration; and thus the whole de- 
ſign of finding out this aberration falls to the ground. 
It is from conciſeneſs of expreſſion in ſuch caſes as 
this, that mathematicians have been accuſed of unfair 
proceedings; of making the ſame quantity in the 
ſame expreſſion, 76 — or not to vaniſh, as ſuits the 
concluſion intended to be drawn from it; of confider- 
ing quantities as ſomething in the beginning of a 
demonſtration, rejecting ſuch of them as they pleaſe 
at the end of it, and yet retaining the concluſion . 
drawn from the original ſuppoſition“. 5 
35. Another proof of the conciſe kind is as follows. 
EA: EP:: ET: ED, whence by diviſion of propor- 
tion EA:(EA—EP) PC:: ET: ET-ED=ET—EF 
=FT alternately EA: ET:: PC: FT, but EA is to 
ET ultimately as 2 is to 1+, therefore ultimately 2 : 
1:: PC: FT, therefore FT PC. 
36. But to proceed. The intire aberration is as 


— from this ſubtract 20, and the 


we have ſeen 


L | | N 3% 
difference — may be called the error of geometrical - 


eberration, Now this quantity, though it vaniſh in 
reſpect of the whole aberration, yet comes to a limit 


1 . 9 . | 
with reſpect to the quantity =» Or a third propor- 
tional to the diameter and verſed ſine, or to uſe a 
more ſtrict way of ſpeaking, this error — is to 
7 ultimately in a ratio of equality: for the whole 

IS 3 error 

o See Analyſt, Sect. XIV, and XV. + See par. 2. 


— 
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error of the aberration being x22, and the third pro- 
 portional aforeſaid being 27=*7", their difference is 


17717 
ns and the whole error is to this difference as 

r is to v, therefore this difference vaniſhes in reſpect 
of the whole error, and conſequently in reſpect of 
2 VV 


rs Thus then this third proportional to the dia- 


meter, and verſed fine, may be called the geometrical 
error of the geometrical abberration. In like manner we 
may determine the error of this error, and ſo on “. 
37. To give an example of all this in numbers, let 
the radius of the ſpeculum be 30 inches, the arch 40 
eleven degrees and twenty nine minutes, whoſe verſed 
fine 1s 2, when the radius is 100, conſequently when 
the radius is 30 inches, this verſed fine is 0,6 of an 
inch, We have therefore r=30, v=0,6, 3rr=450, 
7—U=29,4, — which (by common diviſion) 
is 13, 306 1224 ET, the whole diſtance of the paint 
of interſectjion from the center, and this exceeds EH 
=3z7=15, or the diſtance of the geometrical focus by 
0,3061224. Again, this quantity which is the whole 
aberration exceeds the geometrical aberration or 2 
=0,3 by 0,0061224. Again, the diameter being 60, 
and the verſed ſine 0,6, we have 60 ; 0,6 :: 0,6 : 0,006 
= the third proportional to the diameter and verſed 
fine; but 0,0061224, which is the whole error of the 
geometrical aberration, exceeds this third proportio- 
nal by 0,000124, and ſo on. | 
38. All this will be confirmed by dividing the nu- 
LY 


merator of the original fraction | - 70 


by its deno- 


| 1 
minator in the manner of compound diviſion in arith- 
metic, and ſo throwing the fraction into an infinite 


* Negue novit natura limitem. Newton. 
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| N b 1 4187 
* - -. Tz V UV 
ſeries. For the quotient will be tr v+ = +I 


++, Kc. where the law of the ſeries is mani. 


feſt, each term being to the ſubſequent one always in 
the ratio of r to v. | 1 
Let then v vaniſh in reſpect of r, and all the terms 
of the ſeries will vaniſh in reſpect of the firſt term; 
that is, the ſum of all the terms will in this caſe ap- 
proximate to zr as the limit; therefore the geometri- 
cal focus is ir. | 5 
Subtract now zr from the whole ſeries, expreſſing 
the diſtance ET, and we have the whole aberration 


Prato LL r, &c. Let now v 
2. be ſuppoſed to vaniſh in reſpect of 7, and all 
e terms in this ſeries vaniſhing in reſpect of the 

, firſt, we have z v for the geometrical aberration. 
Once more; ſubtract z from the ſeries expreſſing 
Lo, * Eq 3 zv* 


. 2 U 2 
the whole aberration, and we have 5 


x 5 . 
= for the whole error of the aberration. Let v 


again be ſuppoſed to vaniſh, and we have — for the 


limit of the error of the aberration, and ſo on. 
Aſſuming zr 13, and the ratio of r to v that of 

100 to 2, as before | 

we have I" SER” Geometr. Focus. 

100: 2:: 15,0 to 2 = 0,3 Geomeir, Aberr. 


| v 
100: 2: 0,3 2 to — 0,006 Geometr. Error. 
141271 

| 4 

100: 2:: 0,006 : to ——= o, ooo 2 

N | r > 
12717 


2 


100: 2:: 0,00012 : to = = 0,0000024. 


175 


Sum of the terms =ET =, 306 1224, 
ROE: which 
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which is true to ſeven places of decimals, as was be- 
fore found by diviſion. = nn: A el 


* PROPOSITION. 


39. Ina circle whoſe center is C, (fig. 4.) radius 

CA, diameter Aa, let AB be the chord, FB the fine, 
AD the tangent of the arch AB. I fay, that while 
the arch A continually decreaſes without limit; frft, 
the fine continually approximates to the tangent; ſe- 
condly, the ſine never exceeds the tangent; Yhirdly, 
their difference will vaniſh in reſpect of either fine or 


tangent. 
8 2 BF: DA:: CF: CA; but while the arch AB 

decreaſes, CF approximates to C4; therefore BF ap- 
roximates to DA. Secondly, CF can never exceed 

A, therefore BF can never exceed DA. Thirdly, 
the arch continually decreaſing without limit, va- 
niſnes (in our ſenſe of the word, par. 20.) in reſpect 
of the diameter which is fixed; therefore the chord 
AB. which is leſs than the arch, likewiſe vaniſhes in 

ct of the diameter Aa: but Aa: AB:: AB: AF; 
therefore if AB vaniſhes in reſpe& of Aa, AF will 
vaniſh in reſpect AB, and much more will AF v+- 
niſh in reſpect of Aa: but if AF vaniſh in reſpect of 
Aa, it will alſo vaniſh in reſpect of Aa or CA (by 
par. 25,). Now CA:CF:: AD: FB, and by divi- 
fion of proportion, CA: AF:: AD: AD—FB. As 
therefore AF vaniſhes in reſpect of CA, ſo does AD 
F (the difference of the ſine and tangent) vaniſh 
in reſpect of AD the tangent, and conſequently in 
reſpect of FB the ſine, (by par. 23.). 

We ſee then, that while the arch continually de- 
creaſes without limit, the fine approximates to the 
tangent ; ſecondly, the fine never exceeds the tangent 
thirdly, although the fine and tangent both vaniſh in 
reſpect of the radius, yet their difference vaniſhes in 
reſpect of theſe quantities themſelves. Therefore the 
ratio of equality is the limit of the varying _ 

4 a whic 


which the fine and tangent have to each other, while 
they both decreaſe perpetually without limit; or it us 
their ultimate ratio; or we may ſay that they are ulti- 


mately equal. 3702 
40. The ſine is leſs than the chord; for in the right 


- 


angled triangle AFB, the ſide BF is leſs than the hy- 
pothenuſe AB: the chord is leſs than the arch; this 


1s ſelf-evident, the chord being a ſtraight line, and 
the arch a curve, both terminated by the ſame points 
A and B. The arch is leſs than the tangent: for 
from the point D draw another tangent to the circle 
in H; and the lines ABH, ADH will be terminated 
by the ſame points A and H, and will have the con- 
cavities turned the ſame way; therefore the included 


arch ABA will be leſs than the ſum of the two equal 


tangents DA and DH“; conſequently, half that arch, 
or Ab, will be leſs than half the ſum of the tangents, 
or AD. | 

41. Cor. 1. Hence, the ſine, chord, arch, and tan- 
gent, are all ultimately in a ratio of equality. This 
may appear, becauſe the chord and arch are included 
between the ſine and tangent, but perhaps more 
plainly thus. Of theſe four quantities, viz. the ſine, 
chord, arch, and tangent, the fine 1s the leaſt, and 
the tangent the greateſt, by the laſt paragraph there- 
fore the difference, berween the fine and tangent, is 
oreater than the difference between any other two of 
thoſe four quantities, If therefore the greateſt of all 
thoſe differences, viz. that between the ſine and tan- 
gent, vaniſhes in reſpect of the leaſt of all thoſe quan- 
rities; namely the ſine ; much more will the difference 
between any other two of thoſe four quantities vaniſh 
in reſpect of the quantities themſelves. ' 

42. Cor. 2. Join Ba, and in the right angled tri- 
angle BFa, the hypothenuſe Ba, is greater than the 
ſide Fa; therefore Aa—Ba is leſs than 4a Fa or 

We FI FEE AF; 


© dds De ſphera & cylindro. Defin. 2. Axiam. 2. or 
Mac Laurin's Fluxions, art. 180. and 183. h | 
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AF, but (by par. 39.) while the arch AB decreaſes 
N ally without limit, AF vaniſhes in reſpect of 
Ha; much more then does Aa—B a, the difference be- 
tween Aa and Ba vaniſh in reſpect of Aa; therefore 
the ultimate ratio of Aa to Ba, is that of equality; 
2 the ultimate ratio of { Aa, or BC to Ba, is that 
Or 1 tO 2. 


ebe SCHOLIUM. 
43. The reader will find a different proof. of this 


celebrated propoſition in Saunderſon's Fluxions, page 


248, and another in Morgan's note on Rohault, 
publiſhed by Dr. S. Clarke, Part II. Chap. 28, and 
re- publiſned at Cambridge 1770, ſee page 28. The 
beſt proof of all others is undoubtedly Newton's own 
proof. Princip. Lib. I. Lemma VII. That demonſtra- 
tion being very conciſe, I ſhall give it here, and en- 
„ upon the ſeveral ſteps. 

Let AC B (fig. 13.) be an arch of a circle, whoſe 
center is R, chord AB, tangent AD, ſecant RD. Let 
the tangent AD be produced to a diſtant point d, and 
through d draw dr parallel to the ſecant DR, cuttin 
the line AR (produced indefinitely) in r; then if wit 
the center r, and radius Ar, an arch Ach be deſcribed, 
meeting dr in 5; firſt, it will be ſimilar to the arch 
ACB, (though not ſimilarly ſituated) * ; that is, the 
arches Ach and ACB will have each the ſame pro- 
portion to the circumferences of their reſpective cir- 
cles, becauſe the angles Ard, and ARD are equal by 
conſtruction F. Secondly, the chord AB ed 
will paſs through &, and A Bb will be the chord of the 
arch Ach: for the arches Acb and ACB being ſimilar 
their chords AB and Ab will make equal angles with 
their common tangent ADag, and therefore coincide. 
Laſtly, the lines AB, AD, and arch AC, are always 
proportional to the lines 40, Ad, and arch Ac b. 


For 


enn e t . 
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the line AD 8 $line Ad to the radius Ar, 
the arch ACBI g Carch Ach] or as AD is to Ad; 


therefore alternately AB: AD :: Ab: Ad, and likewiſe 
AB: ACB:: Ab: Ach: that is, the lines AB, AD, 
and arch ACB, are to each other, as the lines Ab, Ad, 
and arch Ac6, are to each other. This premiſed, 
imagine now the ſecant RBD to turn on the center 
R, while the point B continually approaches to the 
point A. At the ſame time, imagine the line dr, to 
turn round the fixed point 4, in the contrary direc- 
tion, but with the ſame angular motion, ſo as always 
to keep parallel to RD; by this means the center r 
will recede from A more and more in infinitum, and 

the arch Acb, will be a portion of a circle continuall 

growing larger and larger; or as we may ſay, the arc 
Acb will continually unbend itſelf. In the mean 
time the chord AH turning round the point A, con- 
tinually increaſes, and as the line dr approaches to 
_ paralleliſm with the line Ar, the increaſing chord A 
approximates to the invariable tangent Ad, and carries 
the intermediate arch Ach along with it. Now the 
point B, approaching to the point A, the angle BAD 
continually decreaſes, and there is no limit to its de- 
creaſe (by prop. 16. El. III.); therefore neither is 
there any limit to the decreaſe of the angle þ Ad, nor 
to the approach of Ab to Ad; therefore the lines Ab, 
Ad, and the intermediate arch Ach, will ultimately 
coincide and be equal; whence the chorg AB, tan- 
gent AD, and arch AC B, which are to each other as 
Ab, Ad, and Ach, will be ultimately to each other in 

a ratio of equality. | 9 | 
We may obſerve, that the lines A, Ad, are are al- 
ways finite, Ad is of a fixed invariable length; 44 
approximates to Ad, can never exceed Ad, nor indeed 
become equal to it, 'till 46 is parallel to AR; but the 
finite lines Ab and Ad, can approach nearer to equa- 
lity, than by any aſſigned difference; that is, the dif- 
| | ference 


For the line AB 15 hs YT the radius AR, is 
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' ference. between Ab and Ad, vaniſhes in reſpect of 
thoſe (finite) lines; whence this is inferred of the lines 
AB, AD always proportional to them. | 
Newton's artifice conſiſts in ſhowing us a finite 
part of an infinitely large circle which we can ſee; and 
arguing from it analogically, to an infinitely ſmall 
part of a finite circle which we can not ſee. 

In Newton's Lemma no mention is made of the 
fine; but the ultimate equality of the fine and tangent, 
may be eaſily ſhown in his way. From B and b, let 
down BF and þf, perpendicular to AR, and they will 
be the ſines of the arches AB and Ab. | 

Now as the point r recedes from A, and the point 
J approaches to d, the line 7 approximates in length 
to Ad, and that without limit: in other words, they 
are ultimately equal ; whence this is inferred of the 
lines FB and AD, proportional to them. 

Otherwiſe. It is evident, that as r recedes in inſini- 
tum, the ratio of rf to r A approximates to that of 
equality without limit. But rf:rA::fb: Ad:: FB 
: AD; therefore the ratio of FB to AD alſo, or that 
of the fine to the tangent, approximates to equality 
without limit; or they are ultimately equal. 

The foregoing explanation, reſtraining the Lemma 
to circles, puts a ſenſe upon it more confined than 
Newton intended; but it will be the eaſier underſtood 
by beginners. | | | | 

To propoſe the Lemma in more general terms, we 
muſt firſt premiſe, that the curve ACB is ſuppoſed to 
have continual curvature at A, and though not a cir- 
cle, yet it is ſuppoſed to have circular curvature at 
A, that ſo the angle between the chord and tangent 
(while the point B approaches to A) may become leſs 
than any (aſſigned) right lined angle. 4 

In the demonſtration the point 4 is ſuppoſed to be 
fixed, the Iine Ad being of a given length. _— 


9 2 in * omnibus ſupponimus curwaturam ad punctum yg 
nec infunite parvam efſet, nec infinite magnam. Vide Schilium ad - 
ma A . I. Princip. wy ” b 
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the lines dh and DB, are ſuppoſed to be always pa- 


rallel; and the angle Ad finite. Thirdly,” the two 


curves ACB and Ac6, are to have one common tan- 
gent at A. Laſtly, the arch AC is to be always 
ſimilar to the arch Ach; that is, AC B and Acb, are 
to be ſimilar parts of ſimilar figures, the linear mag- 


nitude of Ach being to that of AC B, as Ad is to AD; 


moreover, A repreſents correſponding points of the 
two figures f: for inſtance, if 40 be part of a circle, 
then muſt Acb be alſo part of a circle: the radius of 
Ach muſt be to the radius of AC B, as Ad is to AD; 
and then the part Ach, cut off by the line db, and 
the part ACB will be fimilar arches of two circles. 
If ACB be a Parabola, then muſt 4:4 alſo be a Pa- 
rabola, whoſe parameter is to the parameter of AC B, 
as Ad is to AD. If ACB be an Ellipſe, then muſt 
Acb be an Ellipſe. To make theſe Ellipſes ſimilar 
figures, the proportion of the greater axis to the leſs, 
in each Ellipſe muſt be the ſame; and that the arch 
Ach, cut of by the line db, may be ſimilar to the arch 
AC, the greater axis of the latter Ellipſe muſt be 
to the greater axis of the former, as Ad is to AD; 
moreover, if the point A is the extremity of the greater 
axis in one Ellipſe, it muſt likewife be ſo in the other. 
It follows from the ſimilarity of the arches 40 
and Acb; Firſt, that their ſubtenſes AB and Ab make 
equal angles with their common tangent ADg, and 
therefore coincide. Secondly, that the lines AB, AD, 
and arch ACB, are always to each other as the lines 
Ab, Ad, and arch Ac6, are to each other. This pre- 
miſed, while the point B approaches to A, the chord 
Ab, turning round the point A, approximates to the 
invariable tangent Ad, and carries the intermediate 
arch Ach along with it. As the angle DAB decreaſes 
without limit, or in other words ultimately vaniſhes, 
ſo the angle 445 ultimately vaniſhes, and the finite 
lines Ab, Ad, and arch Ach, ultimately coinciding, 
are equal; therefore the evaneſcent lines AB, AD, 
and 

+ Mac Laurin's Fluxions, art. 122. * 
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and arch ACB, (which are always to each other as 


Ab, Ad, and Ac6,) will have for their ultimate ratio, 


that of equality. | 
| CERMMAL | 
44. If a body be ated upon by a force, which is 


every where as the diſtance from the center A, (fig. 


5.), the time of its deſcent to that center, willl be the 
fame from whatever place it falls. Princip. Lib. I. 
Prop. XXXVIII. Cor. 2. or Keils Phyfics, Th. XL. 


LEMM A II. 


45. If a body be ated upon by a force, which is 
every where as the diſtance from the center A, (fig.5.), 
the time of deſcent r any ſpace PA, is to the 
time in which it would deſcend through that ſame 


ſpace if impelled by half the firſt force (at P) uni- 


formly continued, as the circumference of a circle is 
to four diameters. ' 

For the time of deſcent through the ſpace PA, is 
equal to the time in which the body revolving by the 
force at P, in a circle whoſe radius is PA, would de- 
ſcribe a quadrant, Princip. Lib. I. Prop. XXX VIII. 
Cor. 1. and in this time by the ſame force uniformly 
continued, the body would deſcend through a ſpace, 
which is a third proportional to the diameter of the 
circle and quadrant thus deſcribed, Princip. Lb. I. 


Prop. IV. Cor. g. that is calling the diameter D, and 


quadrant Q, a ſpace equal to =, bur the time of 


deſcent through this ſpace RW; by the uniform force 


at P, is to the time of deſcent through the ſpace PA 

=D, by half that uniform force, in a ſubduplicate 

ratio of thoſe ſpaces directly, and a ſubduplicate ratio 

of thoſe forces inverſely ®; that is, directly as A IS 

is 

8 Introduction to Saunder/on's fluxions. Prop. VII. Cor « IV. 
3. 
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is to V/ED, and inverſely as 1 is to V, or com- 
pounding theſe ratios, as & is to D, or as 4 Q is to 
4D, or as the circumference of a circle is to four di- 
ameters. | | P 
PROPOSITION I. 

46. The accelerating force of a body, oſcillating 
in a circle, is to its abſolute weight, as the ſine of its 
angular diſtance from the loweſt point, is to the radius. 


Let P (fig. 6.) be the body oſcillating in the arch of 


a circle PAp, whole loweſt point is A, and centre C. 
Let PF be the ſine of the arch PA, and let PT be a 
tangent to the circle at P, meeting the radius CA, pro- 
duced in T, then will the accelerating force of the 
body at P, be the ſame as if it were placed on the 
tangent PT, conſidered as an inclined plane, and will 
therefore be to its abſolute weight, as the height of 
that plane is to its length &, or as FT is to PT, or be- 


cauſe of the ſimilar triangles PFT, and CFP, as PF 


is to CP, or as the ſine of the arch PA (the meaſure 
of the angular diſtance PCA) is to radius. 4 
47. Cor. 1. In the ſame circle the accelerating 
force is every where as the ſine of the arch PA, but 
becauſe the ſine and arch approximate to the ratio of 


equality while the arch decreaſes, therefore the ratio of 


the fines to each other will approximate to, and be 
ultimately equal to the ratio 1 their correſponding 
arches to each other. Wherefore ultimately, the ac- 
celerating force is as the arch PA, the diſtance of the 
body from the loweſt point A, meaſured along the 

circle in which it oſcillates. 1 
48. Cor. 2. Hence the times of deſcent down un- 
equal arches PA, e A, approximate to equality, while 
thoſe arches decreale in infinitum, and (as we may ſay) 
ultimately thoſe times will be equal. For when the 
accelerating force it as the diſtances PA, eA, the 
times of deſcent will be equal from whatever place 
the body begins to deſcend, (by par. 44.) OS, 
| | PRoPo- 


Introduction to Saunder/on's F luxions, Prop, VII. or Keil“ 5 


Phyſics, LeQ, XY. Theorem 3 2 
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PRoPOSIFION II. 


49. All things as before, draw PA, the chord of 
the arch Pe A (fig. 7.); I ſay that the accelerating 
force of the body upon the arch at P, is to the acce- 
lerating force of the body placed any where“ on the 
chord PA, ultimately as 2 to 1. 

Draw the diamater aCA, join @P and CP, let AT 
be a tangent to the circle at 4, and PT a tangent to 
the circle at P, let theſe tangents meet in 7; then con- 
fidering the chord PA, and tangent PT, as inclined 

lanes whoſe heights are equal, the accelerating force 
on the plane PT (equal to that on the arch at P) will 
be to the accelerating force on the plane PA, as PA is 
to PT +, or becauſe of the fimilar triangles PAT and 
Pa Cr, as Pa is to PC, that is ultimately as 2 is 
to I ||. 
50. Cor. 1. The time of defcent through the arch 
Pe A, is to the time of defcent through the chord PA, 
ultimately, as the circumference 1s to four diameters. 
For ultimately, the length of the arch and chord are 
equal, and ultimately, the accelerating force of the 
body on the arch is every where as its diſtance from 
the loweſt point A, (by par. 47.) but the accelerating 
force of the body on the chord is uniform and equal 
to half the firſt force on the arch at P, by this propo- 
ſition, therefore (by par. 45.) the time of deſcent 
through the arch, is- to the time of deſcent through 
the chord, as the circumference is to four diameters. 
1. Cor. 2. The time of one oſcillation is to the 
time of deſcent down half the length of the pendulum 
»lttmately, as the circumference of a circle to its dia- 


meter. For the time of deſcent through the chord 
| PA, 


Introduction to Saunder/on's Fluxions, Prop. VII. Cor. I. or 

KiiPs Phyſics, Lect. XV. Theorem 35. | 
+ IntroduRtion to Saunderſon's Fluxions, Prop. VII. Cor, I. 

or Kils Phyſics, Lect. XV. Theorem 35. | 

3 32. El. III. U Par. 42. 
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PA, being always equal to the time of deſcent down 
the diameter 445, we have ultimateh, the time of de- 
ſcent through the arch, to the time of deſcent down 
the diameter, as the circumference is to four diame- 
ters by the laſt corollary; whence the deſcent and aſ- 
cent along the arch, or the time of one oſcillation,” is 
to the time of deſcent down the diameter, as the cir- 
cumference to two diameters; but the deſcent down 
the diameter, is to the deſcent down 5 of the diameter, 
or half the length of the pendulum, as 2 to 1; there- 
fore (compounding theſe ratios) the time of one of- 
cillation, is to the time of deſcent down half the 
length of the pendulum, as the circumference of a 
circle to its diameter, | | 


SCHOLIUM. 


52. If the fines increaſed in the ſame ratio with the 
arches or diſtances Pe A, all oſcillations would be pre- 
ciſely equal; but as the fines increaſe in a leſs ratio 
than their arches, the accelerating force, when the 
arch is enlarged, 1s not ſufficiently increaſed to make 
the times of deſcent, and conſequently the oſcillations 
equal; therefore the oſcillations through larger arches 
take up a longer time. Contrariwiſe, if the arch be 
leſſened, rhe time of deſcent is leſſened, and therefore 
the time of deſcent and aſcent, or the time of one oſ- 
cillation is leſſened. But though the arch may de- 
creaſe in infinitum without any limit, yet the time of 
an oſcillation through that arch will not decreaſe 
proportionably, nor in infinitum, but has a limit. 
Thus, if the length of the pendulum be 39,2 inches, 
the time of one oſcillation through any arch will be 
ſomewhat more than one ſecond. . Now though that 
arch may be taken leſs than any aſſigned arch, yer the 
time of one oſcillation will not become leſs than any 
aſſigned time. For if the pendulum oſcillates at all, 
it muſt rake up a determinate finite time, namely one 
ſecond, 
Keil's Phyſies, Lea. XV. Theorem 39. 


C2 
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ſecond, how ſmall ſoever the arch may be, through 
which it oſcillates. Thus then, although ſtrictly 
ſpeak ing, there is no ſuch thing as the time of a leaf 
oſcillation, (there being no leaſt arch, and therefore no 
leaſt oſcillation;) yet there is, ſtrictly ſpeaking, a eaſt 
time of the oſcillation of every ulum; and the 
proportion of this leaſt time to the time of deſcent, 
down half the length of that pendulum, has been be- 


fore pointed out. 


53. The time here ſought, is that which is the li- 
mit of the varying time of an oſcillation, through an 
arch ſuppoſed to decreaſe continually without limit; 
therefore, in comparing thoſe quantities on which the 
time of one oſcillation depends, it is the limit of their 
varying ratio, or rather the limit of the varying ratio 
of the TJength of thoſe lines, to which ſuch quantities 
are analogous, that mult be attended to“. 

In the firſt corollary to the firſt propoſition (par. 
47.) when we had found the accelerating force to be 
always as the fines, we thence concluded it to be ulti- 
mately as the arches, becauſe of the ultimate equality 
of the fine and arch. In the firſt corollary to the ſe- 
cond propoſition (par. 50.) we compared the time of 
deſcent along the arch, with the time of deſcent along 
the chord, and as far as thoſe times depend on the 
length of the line deſcribed, (and not on the accele- 
rating force) we conſidered them as ultimately equal, 
becauſe of the ultimate equality of the length of the 
arch and chord, In both theſe caſes then we admit- 
ted this propoſition concerning the ultimate equality 
of the ſine, chord, and arch; and it was rightly applied, 
becauſe the ratio of the quantities to be compared, 
(the forces in the former caſe, par. 47. and the times 

in the latter, par. 50.) depended on the ratio of the 


length of theſe lines; but we miſunderſtand the pro- 
poſition, 


llt may be obſerved, that in this and fimilar caſes, the very 
nature of the problem ſhows that it is the limit of the varying 
quantity, or the limit of the varying ratio, that we are to ſeek; 
as will be further exemplified in par. 63. | 
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poſition, if we ſuppoſe it to imply that the arch and 
chord do ultimately ſo caincide that they may be con- 
ſidered as one and the ſame line. For on whatever 
grounds we ſuppoſe the arch thus to coincide with 
the chord, we might likewiſe ſuppoſe it to coincide 
with the ſine PF, or with the tangent to the loweſt 
point TA (fig. 8.) tor theſe are all ullimateſy equal; but 
both ſine and tangent in this caſe are parallel to the 
horizon, and therefore there would be no accelerating 


force, no oſcillation at all; and thus the whole en- 


quiry would fall to the ground. On the contrary ; the, 
arch is a curve, all whoſe parts have different incli- 
nations to the horizon, but the chord is a right line 
which has every where the ſame inclination. The 


| accelerating force on the arch continually increaſes 


with the diſtance from the loweſt point, but the force 
on the chord is every where the ſame. Neither the 
law of the accelerating force, nor the quantity of it 
at the beginning of the deſcent in theſe two caſes ap- 
proximate by the decreaſe of the arch; we have there- 
fore no reaſon to expect that the times of deſcent 
ſhould approximate, notwithſtanding the lengths of 
the lines deſcended through, do approximate and be- 
come ultimately equal. Keil, and others after him, 
ſay, that the arch and chord differ but litile either in 
length or declivity, therefore neither do the times of deſcent *. 
It ſhould be ſhown, that the times are in ſome finite 
ratio of theſe quantities, otherwiſe, ſmall differences 
in theſe circumſtances may occaſion great differences 
in the times of deſcent, The aſſertion (rightly ex- 
plained) is true with regard to the length of the chord 
and arch, but not with reſpect to their declivity, if 
we allow that any compariſon can be made berween 
the declivity of a curve and a right line, which yet 
ſeems to be abſurd. 

54. The ratio of the length of the arch to the ſine, 
or of the arch to the chord, which varies while the arch 

| decreaſes, 


_ * KeiPs Phyſics, Left. XV. Theorem 41. Mon, Parent, I be- 
lieve was the firſt that fell into this error. 
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decreaſes, has for its limit the ratio of equality, the differ- 
ence of their lengths vaniſhing in reſpect of the lengths 
themſclves, all which is only Seed in other words, 
when we ſay that they are ullimately egual; but the 
arch is ever to be conſidered as a CuRyYR, and the 
chord as a RIGHT LINE, two ideas which ought 
not to be confounded. | 
55. Newton ſays — figure refilinea, que chordis eva- 
neſcentium arcuum camprehenditur, coincidit ultimo cum 
figura curvilinea. Princip. Lib. I. Lemma III. Cor. 2.— 
1 his is the expreſs language of indiviſibles, and muſt 
not be underſtood literally, any more than ſumma ul- 
tima in the preceding corollary. Newton himſelf ex- 
pounds ſumma ultima, and ratio ultima, by limites ſum- 
marum & rationum, and reſts the whole force of his 
demonſtrations upon the doctrine of I IMITS. Scho- 
lium ad Lem. XI. pag. 37, Ed. 3. | 
56. Another example of thus ſpeaking in the lan- 
guage of indiviſibles, is in the fourth corollary of the 
ame Lemma III. Figura ultima, is an expreſſion 
lainly abſurd if taken literally. It ſuppoſes a tranſ- 
ormation of a right lined figure into a curvilinear 
figure. But ſurely that figure is always a right lined 
figure, which you affirm 1s always bounded by right 
lines, be their number ever ſo great. Newton cautions 
his reader, that what he ſays, reſpects only the peri- 
meter, that is, the length of the perimeter of the 
figure. This corollary is quoted once only, Book I. 
Prop. 1. and in the way it is there applied relates to 
a compariſon, either of the length of the perimeter, 
of the inſcribed rectilinear figure, with the perimeter 
of the circumſcribed curve; or to a compariſon of 
the area of the rectilinear figure, with the area of the 
curve; bur has no reſpect whatever to the CURVA- 
TURE, or form of the curve, | 
57. The like objection may be made to Lemma 
VIII. There is no ultima forma. Nor can the ſhape 
of a figure bounded by two right lines and a curve, 
become the ſame, or ſimilar, to one bounded by = 
| right 


OF ULTIMATE RATIOS 39 


right lines. It is true, the ratio of the length of two 
lines, of whatever ſhape, or the ratio of two areas, 


however bounded, may either be, or become, that of 


equality; which is all that is here intended. 

58. The equality of the three triangles in Lemma 
VIII. viz. RAB, RACB, RAD (fig. 14.) (all that 
is of importance) may be proved in a ſhort way thus. 
The triangle RAB is to the triangle RAD, as BF to 
DA; that is, ultimately in a ratio of equality, as has 
been ſhown (par. 43.): of courſe RAC, which is of 
an intermediate magnitude, will be ultimately equal to 
the other two triangles, 


39. We may further obſerve, that when the angle | 


þ Ad vaniſhes, the angle Ard (the double of þ Ad) 


muſt vaniſh too, but the angles Ad and rdd are al- 
ways finite; therefore in the triangle Ard, the ratio 


of the ſide Ar, to the ſide Ad, increaſes without limit; 
and ultimately, either the fide Ar muſt become infi- 
nitely great, or the ſide Ad infinitely ſmall; of courſe, 
the triangles r Ab, rAcb, Ad, are not always finite, and 
this, whatever be the ſuppoſed motion of the line rd, 

A triangle, having two evaneſcent angles, may have 
all its ſides of a finite magnitude; but not if it has 
only one evaneſcent angle, 

60. Newton frequently expreſſes himſelf in ſuch 
terms as were uſed by the writers on indiviſibles in 
his time; and though at the end of that remarkable 
ſcholium, he cautions his reader againſt being miſled 
by the uſe of thoſe terms, yet he ſeems ſometimes to 
forget that caution himſelf, of which theſe lemma's 
and their corollaries are an inſtance. The very ex- 
preſſion — ullimæ quantitatum evaneſcentium rationes, 
(or ultimate ratios), taken literally, implies the ratios 
of quantities in an ultimate ſtate, that is, of quantities 
infinitely ſmall, or 1nfinitely great: and though New- 
ton afterwards ſays, that by ultimate ratios, 1s meant 
the limit of the varying ratio of decreaſing quantities, 
and not the ratio of ultimate quantities, yet he ſtill 
ſpeaks of varying ratios, as reaching their limit — 

| | C 4 | guum 
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_ quum quantitates diminuuntur in infinitum, — when the 
terms become infinitely little. | 

61. It will be ſaid, that all this is only to cavil 
about words; — fo it is, with thoſe who interpret 
rightly this mode of ſpeaking ; but it is what will cer- 
tainly miſlead common readers, and almoſt as certain- 
ly prove a ſnare to the very ableſt writer, if he is not 
continually upon his guard. 

62. We ſaid before, that in problems of this ſort, 
their nature ſhows, that it is the limit of ſome varying 
ratio that we are to ſeek, and not the ratio itſelf. Thus, 
if the areas of two curvilinear ſpaces are to be com- 
pared together, let their baſes be each divided into 
the ſame number of parts, and on thoſe diviſions let 
parallelograms be drawn, ſo as to form right lined 

— inſcribed within the curvilinear ones, as is 
directed in the fourth lemma of the firſt book of the 
Principia. Now, both the ratio of theſe parallelo- 
grams (each to each) and of the right lined figures 
compoſed of them, all will vary, as the number of 
parts varies into which the baſe of each figure is di- 
vided, and the limit of the varying ratio (when it can 
be found) is that of the curvilinear figures themſelves, 
as is proved in the lemma aforeſaid; and a very neat 
example of finding that limit in a particular caſe, is 
given by Saunderſon in his Fluxions, page 243. This, 
with ſome alterations, we ſhall here inſert, 


PROBLEM, 


63. Let AM (fig. 16.) be a Parabola, whoſe axis is 
AP, parameter 1. Let PM and RN be ordinates to 
the axis, meeting the curve in M and V. It is re- 
quired to find the parabolic ſpace AMP. 4 
Complete the parallelograms APM and ARM. 
Let TN and KN produced, meet PM and M, in 
U and S reſpectively. Then XAP PM, and 1X 
ARZRN'"; therefore ix P REP M*—RN ER 
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RN*=RS+RNxXRS—RN=RS+RNX NS; that 
is, 'XPRERS+RNXNS, and AR PR 
RS+RNXARXNS, or RN X PRS RIA RN 
ARXNS: but RNXPR, is equal to the rectangular 
parallelogram NP, and RN PR is equal to the 
parallelogram V, drawn into, (or multiplied by 
RN. In like manner, RS+ RNXAR X NS 
R8$ERNXTNXNS is equal to the parallelogram 
N, drawn into R SRV; and the parallelogram 
NP, is to the parallelogram N, as RSR is to 
RN. 

Suppoſe now the axis AP, to be divided into many 
parts (equal or unequal) and through each point of 
diviſion draw ordinates as MR, and complete the ſe- 
veral parallelograms as before; forming in the whole 
two rectilinear figures, the former inſcribed in the 
curvilinear ſpace AMP, the latter 1n the curvilinear 
ſpace AM; the number of little parallelograms in 
each figure being equal, as in Lemma IV. Principia. 
Then, by what has been ſhown, any two correſpond- 
ing parallelograms will be to each other, as RS+RN 
to KN. Increaſe now the number of thele parallelo- 
grams, diminiſhing their breadth, and the ratio of 
R$+RN to RN, will approximate to, and ultimately 
terminate in the ratio of 2 to 1; and the ultimate 
ratio of any two correſponding parallelograms will be 
that of 2 to 1, Hence, the ultimate ſum of all the paral- 
lelograms inſcribed within AMP (when their number 
is increaſed, and their breadth is diminiſhed in infini- 
tum) will be to the like ultimate ſum of all the paral- 
lelograms inſcribed within AQ, as 2 to 1; or the 
ultimate ratio of the whole rectilinear figure inſcribed 
within AMP, to the whole rectilinear figure inſcribed 
within AMY, is that of 2 to 1. But the ultimate 
ratio of theſe inſcribed rectilinear figures, is that of 
their circumſcribing curves : therefore. the internal 
ſpace AMP is double the external ſpace 4M; "nf 

28 he 
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the parabolic ſpace AMP, two thirds of the circum- 
fcribing parallelogram. | 
64. REMARK. The nature of the problem, (viz. 
to find the ratio of the curvilinear: figures) ſhows 
plainly that it is not the ratio of the inſcribed recti- 
linear figures that we are to ſeek, how great ſoever 
the number of the little parallelograms that compoſe 
them may be, but the LIMIT of thar (varying) ratio, 
65. It may be worth while to illuſtrate this by 
another inſtance in the ſolution of the following 


PROBLEM. 


To find the proportion of the velocities of two 
flowing lines, at a given inſtant, from their known 
cotemporary increments. | 

Let us for the preſent ſuppoſe the velocities of 
theſe lines to be continually accelerated ; now if the 
time in which their cotemporary increments are gene- 
rated, be ſuppoſed perpetually to decreaſe, the ratio 
of thoſe increments will continually vary; and the 
limit of their varying ratio is that of the velocities 

ht. 
wy every ſuch increment may be diftinguiſhed inta 
two parts; firſt, that which generated by the velocity 
of the flowing line at the given inſtant, continued 
uniformly for the whole time in which the increment 
is acquired and, ſecondly, that part of it which is ge- 
nerated in conſequence of the ſubſequent increaſe of 
the firſt velocity. Now this additional velocity grows 
ually from nothing, therefore by leſſening the 
time in which the inerement is produced, this addi- 
tional velocity will continually leſſen, and will be- 
come leſs than any aſſigned fractional part of the firſt 
velocity, which the line had at the given inſtant, 
Hence, the latter part of the increment, generated in 
conſequence of the additional velocity, will ultimately 
yaniſh in reſpect of the former part of the increment, 
| ; N generated 
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genetated by the firſt velocity immutably continued, 
even though by thus dimiſhing the time, the former 
part of the increment does itſelf vaniſh in reſpect of 
any aſſigned or finite line. In any ſuch flowing line 
then, if the whole increment be compared with that 
part of it which is generated by the firſt velocity uni- 
formly continued, irt, theſe two quantities continu- 
ally approximate to each other, as the time in which 
they are generated decreaſes; ſecondly, the one can 
never paſs beyond the other, for the whole increment 
can never become leſs than a part of it: /afily, their 
difference, namely, the part generated in conſequence 
of the acceleration, vaniſhes in reſpect of the quanti- 
ties themſelves; therefore (by par. 26.) the limit of 
their varying ratio is that of equality. 

In each line then, the whole increment is to the 
former part of it (generated by the velocity at the 
given inſtant uniformly continued). ultimately in a 
ratio of equality, and alternately, the whole increment 
of one flowing line, is to the whole cotemporary in- 
crement of the other flowing hne, ultimately, as the 
former part of the increment of the firſt flowing line, 
is to the former part of the increment of the other 
flowing line; that is, as the velocity of the firſt flow- 
ing line at the given inſtant, is to the velocity of the 
other flowing line. | 
66, Here the nature of the problem directs us to 
ſeek the /imit of the varying ratio of the cotemporary 
increments of theſe lines, (varying as the time in 
which they are generated decreaſes perpetually with- 
out limit), not to ſeek the ratio of the increments 
themſelves, how ſmall ſoever we may ſuppoſe the 
time to be, in which they are generated. | 
67. Having ſhown this in general, we may now 
proceed to enquire, what the limit of that varying 
ratio is in any particular given inſtance. For exam- 

le, let the former of theſe two lines be called x, and 
et the latter line be a third proportional to a fixed 
line (aſſumed at pleaſure) called unity, and to the for- 
| mer 
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mer line x, then will its value be xx; that is, x and x x 
will repreſent any two cotemporary values of lines, 
having this particular relation to each other. Let v 
be an increment of the line x, then will x+v and 


x+v) =xx+2xv+ vv, be two other cotemporary 
values of theſe flowing lines, whence their cotempo- 
rary increments will be v, and 2xv+vv, whole ratio 
is that of 1 to 2x+v. Now, ſuppoſing the time in 
which the increment v 1s generated, to decreaſe con- 
tinually without limit, the value of v will likewiſe 
decreaſe without limit, and will ultimately vaniſh in 
reſpect of the finite line 2x, which is not affected by 
leflening the increment v, ſo that 2x+v will be to 2x, 
ultimately in a ratio of equality. Hence, the limit 
of the varying ratio of 1 to 2x-+v, while v decreaſes 
without limit, will be that of 1 to 2x, which is 
therefore the proportion of the velocities ſought : 
therefore it will be, as the fixed line, called vas 1 
to twice the flowing line x, ſo is the velocity of the 
line xx, to the cotemporary velocity of the line xx. 
68. The whole argument will be the ſame (mutatis 
mutandis) if we ſuppoſe the velocities of theſe lines to 
be continually retarded. The increment may in that 
caſe be diſtinguiſhed into two parts, that which would 
be generated by the firſt velocity uniformly continu- 
ed, and that which is loſt by the retardation. Now, 
when the time is continually diminiſhed, this latter 
part will ultimately vaniſh in reſpect of the former 
Part; as before. If we ſuppoſe the velocities of the 
owing lines to be uniform, then their cotemporary 
increments are the meaſures of thoſe velocities. 
69. Cor. If the velocity of the line x be repreſented 
by x, the cotemporary velocity of the line x x, will 
be repreſented by 2x x. For 1 is to 2 x, as & is to 2 x &. 


CONCLU- 
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CONCLUSION. 


70. Mac Laurin profeſſes to demonſtrate the prin- 
ciples of fluxions after the manner of the antient Geo- 
metricians. (See his Fluxions, page 51.). By this 
means the truth of Newton's propoſitions is ſhown 
beyond a doubt; but ſurely this is no defence of New- 
ton's method of reaſoning, ſo much impeached by 
the author of the Analyſt. If Mac Laurin's way of 
demonſtrating the grounds of the method of fluxions 
has all the accuracy, it has likewiſe all the tediouſ- 
neſs of the antients. Every propoſition in his firſt 
book is divided into two caſes, each of which he is 
obliged to demonitrate ſeparately, It was to avoid 
this very thing, that Newton introduced a new wa 
of reaſoning on theſe ſubjects : that ir is juſt and logi- 
cal, is the point we have endeayoured to make our in 
this eſſay. 


r - 


On Tus POWER of TRT WEDGE. 


1. T ET PEH (fig. 9.) be a rectangular wedge; 

L whoſe 3 is E, face 2 baſe Et 
and back PH. Let this wedge flide freely on the 
plane LN. Let a body E be urged in the direction 
KE, againſt the face of the wedge, and let that body 
be kept in the direction XE, either by bearing againſt 
a plane parallel to XE, or by a ſtring EB, always 
drawing the body at right angles to KE; or let the 
body be in any manner prevented from moving along 
PE, and compelled to move in the line XE, by a 
force acting at right angles to KE. 

2. Given the angle of the wedge P EMH, and 
the angle KE P, which the direction of the force 
upon E, makes with the face of the wedge: to find 
the proportion between the force applied to the body 
in the direction KE, and the force applied perpendi- 
cularly to the back of the wedge, when theſe two 
forces balance each other, ſo that the wedge moves 
neither forward nor backward. To find likewiſe the 

proportion of the forces aforeſaid, to the preſſure of 
the wedge, againſt the plane LN, and to the preſſure 
of the body E, againſt the plane parallel to K E, oc- 
.caſioned by the action of the other two forces, when 


they balance each other. 


Before 
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Before we enter upon the ſolution of the problem, 
it may be proper to premiſe the following mechanical 
principles, univerſally received. 
3. Firſt, When a body is acted upon by one force 
only, it cannot be ſuſtained by another ſingle force, 
unleſs the latter be both equal and oppo/ite to the 
former. 

4. Secondly, When two. or more forces act at once 
upon a body, the combined effect of them all, is to 
move it in one direction only; and they will have the 
ſame effect, and be equivalent to a ſingle force, acting 
in one particular direction *. | 

5. Thirdly, When an hard body acts in any direction 
whatever on the ſurface of another, and ſuch ſurface is 
perfectly hard and ſmooth; whether the former body 
preſſes continually on the latter, or only ſtrikes it, yet 
the effect of that preſſure in one caſe, or of the impact 
in the other, and the conſequent motion in the body 
ated upon (ſuppoſing it at liberty, ) is always in a DI- 
RECTION PERPENDICULAR TO THAT SURFACEF. 

6. Theſe principles laid down, it is manifeſt, that 
when the body E is both urged in the direction KE, 
and at the ſame time ſuſtained in the line KE, by a 
plane parallel to KE, the original force in the direc- 
tion XE, combined with the reaction of the ſuſtain- 
ing plane (or with the force of the ſtring EB drawing 
at right angles to KE) may be conſidered as a ſingle 
force, urging the body E againſt the face of the 


| wedge: 


The rule for finding the quantity of that force, and the yy 
ticular direction in which it muſt act, is in almoſt every book of 
mechanics. See Eſſay III. | 

+ When a plane perfectly hard and ſmooth is ſuſtained againſt 
the preſſure 2 an hard body, it is ſaid to rea? againft the body 
that 2 it, and as the {aftaining force muſt be in a direction 
oppoſi te to that in which the plane would move if at liberty, the 
reaction of the plane is therefore perpendicular to its ſurface. 

The force that ſuſtains ſuch a plane muſt be equal to the force 
of the body that preſſes it, that is, the reaction of the plane 
againſt the body, is equal to the action of the body upon the 

ane. 

The principle here laid down is further explained in par. 21. 
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wedge : but the action of an hard body E, againſt the 
ſmooth and hard ſurface of the wedge is always per- 
pendicular to its face PE, and a ſingle force impreſſed 
on the wedge in the oppoſite direCtion, and. in that 
only, will counteract the other two (combined) forces 
and keep the wedge in equilibrio. Now, the direc- 
tions of theſe three forces being known, their propor- 
tions, when they balance each other, are eaſily found 
by a common rule in mechanics. For through P draw 
PA, parallel to KE, through E draw ED, perpendi- 
cular to XE, meeting PA in D, alſo draw EA per- 
pendicular to PE, meeting PA in A; and ED, DA, 
AE, the ſides of the triangle EDA, lying in the di- 
rection of the forces aforeſaid, are to each other as 
thoſe forces r. 1 

7. EA 


t It may perhaps throw ſome light upon this ſubject if we con- 
fider the whole effect of the original force in the direction & E, 
and the whole effect of the reaction of the ſuſtaining plane, ſepa- 
rately from each other. — 

Now, when a force acts upon the body E, in a direction X E, 
oblique to the hard and ſmooth ſurface PE, ſuch a force will 
produce in the body. E a tendency to move along that ſurface PE, 


(down the face of the wedge), and likewiſe a preſſure of the bod 


againſt the wedge, perpendicular to its face PE. The body 

is here ſuppoſed to be kept from moving down the face of the 
wedge by another force, namely, the reaction of the ſuſtaining 
plane: this force is perpendiclar to the former force K E, there- 
fore likewiſe oblique to the ſurface PZ. This force then, being 
in the oblique direction ED, partly urges the body E up the face 
of the wedge, and partly adds to the perpendicular preſſure of 
the body E, againſt the wedge. From O let fall DJ, per ndi- 
cular to EA; and if DA, as before, repreſents the original force 
applied to the body E in the direction XE, then will Dd be the 
force urging the body down PE, and 44 the force urging the 
body againſt the wedge. Again, if the ſuſtaining plane prevents 
the body from moving down the face of the wedge, that part of 
the reaction of this plane which is in the direction EP, muſt be 
equal and contrary to Dd, and therefore is repreſented by 4D; 
whence, E D will repreſent the whole reacting force of that plane, 
and EA will repreſent the other part of this force, which ur 

the body perpendiclarly againſt the face of the wedge. TO EA 
add 2A, and their ſum EA, will be the whole force with which 
he body E preſſes the face of the wedge, as before. 

For &s nature and laws of oblique forces, ſee par. 21. 
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7. EA then repreſents the quantity and direction 
of the force impreſſed on the wedge by the body E, 
but the effort of the wedge to move in the direction 
EA, is not in our caſe ſuſtained by a fingle force 
equal and oppoſite, but by two others, one the reac- 
tion of the plane on which the wedge flides, and the 
other the force on the back. The force EA, being 
2 oppoſed to the plane LN, and partly to the 
ack PH, will produce partly a 2 of the wedge 
upon the plane LN, which is balanced by the reaction 
of that plane, and partly a tendency in the wedge to 
move backwards, which is balanced by the force ap- 
plied to the back. Now, the directions of theſe two 
forces, as well as that of EA, are known, whence their 
proportions when they balance each other will be thus 
found. From A draw AF, perpendicular to EZ; 
and EA repreſenting as before the quantity and di- 
rection of the force impreſſed on the wedge; FA wilt. 
_ repreſent the preſſure on the plane LN, and F the 
force to be applied perpendicularly to the back of 
the wedge, to keep it in equilibrio. | 
8. If then DA repreſents the force applied to the 
body E, in the direction XE; FE will be the force 
applied perpendicularly to the back of the wedge, 
when theſe two forces balance each other: FA is the 
preſſure of the wedge upon the plane EH, and DE 
the preſſure of the body againſt the plane, parallel to 
E (or it is the tenſion of the ſtring EH) occaſioned 
by che action of the two former forces, when they 
balance each other, 5 
9. The right angled triangles AED, AEF, having 
one common hypothenuſe AE, are ſimilar to the right 
angled triangles EPD, E PH, having one common 
hypothenuſe E; the ſides of the former being re- 
ſpectively perpendicular to the ſides of the latter. 
Therefore DA, FE, FA, and DE, are reſpectively as 
ED, PH, EH, and PD, or making EP radius, as 
the fine of EPD=KEP; the ſine of PEH, the coſine 
of PEH; and the coſine - EPD, or KEP, ſo that 
the 
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the force applied to the body in the direction XE, is 


. to that on the back of the wedge which balances it 


as the ſine of XE, the angle of direction of the force 
upon E, to the ſine of PE H, the angle of the wedge : 
the preſſure on the plane LN, is repreſented by the 
coſine of the latter angle, and the preſſure againſt the 
_ parallel to XE, by the coſine of the former an- 
gle. 

10. Cor. 1. Let PA cut EH in 1, and draw PK 
parallel to EZ, meeting EK in K, and while the 
wedge moves upon the plane NL, in the direction 
NL, or PK, through the ſpace PR IE, the body 
E will be raiſed in its proper direction through EK 
PI therefore their reſpective cotemporary veloci- 
ties, eſtimated in the directions in which the forces on 
each are reſpectively applied, are as EI to PI, or be- 
cauſe of the ſimilar triangles EDI, PIH, as ED to 
PH, or reciprocally as thoſe forces, according to the 
rule given in par. 20. | | 

11. Cor. 2. When KE is perpendicular to PE, the 
point D coincides with P, and ED=EP, and PD 
is nothing; that is, the preſſure againſt the ſuſtaining 
plane (as we called it) is nothing. The other three 
forces are as EP, PH, and HE, the ſides of the wedge 
to which they are reſpectively at right angles. This 


is the caſe commonly conſidered by writers on me- 


chanics. | 

12. Cor. 3. When KE is parallcl to PH, the points 
D and H coincide, and ED=EH, and the force on 
the body in the direction XE, is to that on the back 
of the wedge which balances it, as EH is to PH. 
PD is likewiſe equal to PH, that is, the preſſure 
againſt the ſuſtaining plane is equal to the force ap- 
plied to the back of the wedge. 

13. Cer, 4. If the wedge be in the form of an iſoſ- 


celes triangle ABC, (fig. 10.) whoſe ſides are AC and 


BC, back AB, perpendicular height CH, and be ap- 
plied to ſeparate two bodies, E and e, in directions 


E, and ef parallel to the back, but oppoſite to each 


other, 
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other, which bodies are kept in their reſpective di- 
rections, by bearing againſt a plane, or by a ſtring in 
the manner before laid down; then when the wedge 
is in equilibrio, the perpendicular force on the back, 
will be to each of the (equal) forces FE, or fe on the 
ſides, as the whole back AB is to CH, the prpen- 
dicular height of the wedge. 3 
This will appear, by conſidering ſuch a wedge as 
compoſed of two rectangular ones, ACH and BCH. 
In this cafe, the preſſure of the two wedges ACH 
and BCH, againſt one another (in the directions AH 
and BH) being equal and oppoſite, will deſtroy each 
others effect. Now FE, the force on the fide AC, 
will be balanced by a perpendicular force on the 
back, which is to FE as AH is to CH, (by par. 12.) 
and another perpendicular force on the back, equal 
to the former, will balance fe, the force on the other 
ſide BC. Therefore the whole perpendicular force 
on the back, which balances both forces on the ſides, 
is to one only of thoſe forces, as 24H or AB is to CH. 


SCHOLIUM I. 


14. The caſe laſt deſcribed is exactly that of the 
machines, generally made uſe of to ſhow experimen- 
tally the power of the wedge. In that deſerihed by 
*s Graveſande in the firſt and ſecond editions of his 
Experimental Philoſophy ; by Hawkſoee and Whiſton 
in their Courſe of Lectures; by Deſaguliers in his 
courſe of Experimental Philoſophy, Lett. 3. par. 58. 
in all theſe the rollers to be ſeparated by the wedge, 

reſt upon the edge of a braſs frame, which determines 
the direction in which they muſt move. 8 
Theſe rollers are drawn together by weights tied 

to ſtrings, which, paſſing over a pulley, run alon 
the edge of the frame, and therefore the weights af 
upon the rollers in the direction of that edge. The 
braſs frame being ſet level, the wedge is put between 
the rollers, its back being parallel to the frame, and 
D 2 to 


52 | OF THE WEDGE. 


to the horizon. The wedge is then laden with weight 
till it begins to ſeparate the rollers, which will be 
when the weight of the wedge itſelf, and its load, is 
to the weight with which each roller ſeparately 1s 
drawn along the frame, as the back of the wedge 1s to 
its perpendicular height, | 3 

15. In the machine deſcribed by *s Graveſande, in his 
third edition, N*. 279. and by Mr. Ferguſon-in his 
Lectures, page 68, Ed. 1760, the rollers, inſtead of 
reſting upon the horizontal edge of a braſs frame, are 
{ſuſpended by long lines, which not only ſupport the 
weight of theſe rollers, but alſo determine the direc- 
tion in which they muſt move when ſeparated, name- 
ly, at right angles to theſe lines; that is, in a direction 
parallel to the horizon, as in the former machine. 

16. It ſeems not to be obſerved, that when the 
wedge is put between the rollers, the reaction of the 
braſs plane on which they reſt, in the former machine, 
and the tenſion of the ſuſpending lines in the latter, 
is increaſed by the whole weight of the wedge and its 
load. This would appear very plain in the latter 
machine, if the lines by which the rollers are ſuſ- 
pended, paſſed over pullies inſtead of being fixed to 
hooks in the cieling; for the rollers might then be 
balanced ſo as to hang ſuſpended in equilibrio before 
the wedge is put between them. In ſuch a caſe, 
when the wedge is put in, that equilibrium will be 
deſtroyed, and to reſtore it, the rollers muſt be drawn 
upwards by the addition of a weight, equal to the 
wedge, and its load. | 
17. It therefore appears plainly, that in making 
this experiment, the rollers are not only drawn hori- 
zontally, but both of them upwards; that the rollers 
are each of them acted upon, not by one oblique 
force only, as theſe authors ſuppoſe, but by two; that 
the action of the wedge againſt the rollers (when they 
thus balance each other) does of necefſity create an ad- 
ditional tenſion of the fixed lines in 5 Graveſanae's 
latter experiment, and an additional preſſure IS 

raſs 


/ 
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brafs plane in his former experiment; and laſtly, that 
the quantity of this additional action of the rollers 
upon the braſs plane, and its conſequent reaction, 1s 
exactly what we determined it to be in par, 12, _ 
18. The two forces, which thus act upon each 


roller, are both of them oblique to the fide of the 


wedge, but lie on oppoſite ſides of the perpendicular, 
their directions being at right angles to each other. 
Now, theſe two forces will of neceſſity ASSUME ſuch 


a proportion, that the force compounded of them 


both, ſhall be perpendicular to the ſide of the wedge, 
otherwiſe there could be no equilibrium. For the 
force compounded of them both is ſuſtained by an- 
other ſingle force, namely, the reaction of the ſide of 
the wedge, whole direction is at right angles to this 
ſurface, and upon this principle, the proportion of 
theſe three forces was determined in par. 6. * Thus 
then the direction in which the rollers act againſt the 
wedge, is always perpendigylar to its ſides, however 
it may ſeem otherwiſe. A machine may be made 


in which an equilibrium ſhall be produced, when 


Two forces act upon each roller, in directions oblique 
to the ſides of the wedge; becauſe the rollers may in 
this caſe be urged perpendicularly againſt thoſe ſides; 
but no machine can be made in which all the parts 


ſhall be at reſt, when ONE force only acts on each 


roller, in a direction oblique to the ſide of the wedge. 
See par. 2 1. and 29. W obs 
19. Whilſt we are upon this ſubject, it may not be 
amils to take notice of one or two other circumſtances 
in theſe experiments, which have occaſioned much 
needleſs diſputation. In Deſaguliers's machine, and 
all others, but that deſcribed by / Grave/ande in his 
third edition, the ſtrings which draw the rollers toge- 
ther run over fixed pullies; that is, fixed to the wall 
of the room, or to {ome firm body, not connected 
with the rollers. Each weight then ſhows the force 
acting upon the roller it draws along, and the ſum of 
| | the 
o See par. 3. 4. and 5. | 
_ 
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the two weights is the ſum of the two forces, acting 
upon the rollers. In the machine deſcribed in *s Grave- 
ſande's third edition, a pulley is ſuſpended by a long 
line from the ceiling; this pulley is faſtened by an 
horizontal line to one of the moveable rollers, and a 
ſtring being tied to the other roller, is put over that 
pulley, at the end of which is hung a ſingle weight, 
y which both rollers are drawn together horizontally. 
In this laſt caſe, each roller is ated upon by the 
whole of that ſingle weight, and the ſum of the two 
forces, acting upon the two rollers, is twice that ſin- 
gle weight, Now, what ſhall we underſtand by the 
orce with which the rollers cohere? or with which 
they are drawn together? or what ſhall we underſtand 
by the reſſtance to be overcome? ſhall we underſtand 
by it, the force with which each roller ſingly is drawn 
along the braſs frame? or ſhall we underſtand by it, 
the ſum of the two forces by which the two rollers 
are drawn along the braſs frame in oppoſite directions, 
and which is double the former force? We have ſhown 
in par. 13. that in the former ſenſe of the words, the 
force on the back of the wedge, (or as it is often call- 
ed, the power) is to the ręſiſtance, as the whole back 
of the wedge is to its perpendicular height; and there- 
fore taking reſſtance in the latter ſenſe, the power will 
be to the reſiſtance as the whole back to twice the 
perpendicular height, or as half the back to the perpen- 
dicular height. Now this whole reſiſtance in the ma- 
chine deſcribed by Deſaguliers, where each roller is 
acted upon by ſeparate weights, is the ſum of thoſe 
two (equal) weights: therefore there will be an equi- 
librium when the weight of the wedge and its load, 
is to the ſum of thoſe two weights, as, half the back 
to the perpendicular height. But in *s Graveſande's 
laſt machine, the whole reſiſtance is twice the ſingle 
weight by which both rollers are drawn together, as 
was before obſerved: therefore there will be an equi- 
librium when the weight of the wedge and its load, 
is to that fingle weight, as the whole back of the 
| wedge, 
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woes to the perpendicular height. And thus the 
effect of one weight, acting at once on both rollers in 
*s Graveſande's machine, is equivalent to that of two 
weights each equal to that one, but acting ſeparately 
(one upon each roller) in Deſaguliers's machine. 

In all theſe caſes, the difficulty is only about words; 
by what names we ſhould, or rather by what names 
we do, uſually call things; and if the language held 
on theſe occaſions be not ſettled by an uniform uſe 
of the terms among writers, no wonder that confu- 
ſion ſnould follow. Settle but the meaning of the 
terms, and all diſputing vaniſhes; but dealers in this 
ſort of philoſophy, not ſuſpecting that they are talk- 
ing to one another in a different language, make expe- 
riments to prove, as they ſay, the truth of their pro- 
poſitions. The experiments on both ſides always 
ſucceed, and to our ſurpriſe, the controverſy 1s no 
nearer to an end. — Why? — Becauſe theſe philoſo- 
phers are making experiments to find — ie meaning 
of a word“. 


ScHuoLIiuM II. 


20. Moſt of the writers on mechanics, in demon- 
ſtrating the power of the wedge, make uſe of the rule 
mentioned by Newton, „iat in mechanical engines, 
thoſe powers balance ea. other, which are reciprocally as 
the velocities of the parts of the engines to which they are 
applied, eſtimated according to the reſpeFive directions in 
. which the powers act 1.“ Newton takes notice of the 
analogy of this rule to the rules concerning the colli- 


ſion of bodies, but gives no proof of it; nor does Mac 
| | Laurin, 


The diſpute about the FoRCE oF BODIES IN MOTION, in 
which all the philoſophers in Europe were engaged for half a 
century together, was undoubtedly of this ſort. See An Eſſay on 
Quantity by Mr. Reid, in the Philoſophical Tranſactions, NF, 489- 
Vol. XLV. for the year 1748, or Martyn's Abridgement, Vol. X. 
Part I. page 22. This little eſſay, hitherto unnoticed, well de- 
ſerve the attention of every one who would underſtand either ma- 
thematical or philoſophical ſubjects c/early. ; 

+ Principia. Cor. VI. ad Leg. mot, pag. 26. Ed. 3. 
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Laurin, who mentions it from Newton, attempt to 
demonſtrate it}. Newton himſelf demonſtrates the 
fundamental propoſition about the lever, by the re- 
ſolution of forces; a doctrine ultimately referred by 
him to'the firſt and ſecond laws of motion, which laws 
he lays down as firſt principles or general axioms, from 
which all particular kinds of motion are to be mathe- 
matically derived“. The belt writers following New- 
ton'sexample, demonſtrate the other mechanical powers 
from the ſame principles , but in treating of the 
wedge, always reſtrain their proof to a particular caſe 
where the forces are applied at right angles to the 
ſides of the wedge. It may be ſaid, perhaps, that 
three forces only (one to each fide) cannot be other- 
wiſe applied ſo as to make an equilibrium. Let us 
ſee however what determination the theory gives in 
one 


t Mac Laurin's account, &c. Book II. Chap. 3. Se. 2. Alſo 
Book II. Chap. 2. SeR. 19. and 23. Mac Laurin ſeems to think 
this Analogy 1 as he calls it, a ſufficient proof of the 
truth of this rule. 

Or as we call it ſolved. To ſolve a phenomenon, is only to 
derive it from, or ſhow that it is included in, the general rules of 
motion. Thus we reduce. that vaſt variety of motions we ſee in 
the world, into a few general claſſes, and ſhow that the univerſe, 
thus regulated by a few ſimple laws, is the effect of ſupreme in- 
telligence. To ſolve a phenomenon, then, is mot to aſſign its 
cauſe. When we ſay that gravity is the cauſe of the moon's mo- 
tion, we mean only that its motion is of the ſame ſort with that 
of other bodies near the earth; that the moon's motion is con- 
formable in its cireumſtances to certain laws of motion which ob- 
tain univerſally; as to the cagſe, for aught we know, an angel 
may carry 1t about. 

Newton ſufficiently warns his readers, (if they will take any 
warhing) againſt this common conceit that Philoſophy has to do 
with cauſes. See Principia. Def. VIII. at the end. Page6, Ed. 3. 
Want of attention to this, has introduced a preat deal of abſurd 
metaphyſics into natural philoſophy, of which the reader may 
ſee enough in a paper by Dr. S. Clarke, On the Force of Bodies 
in Motion. Philoſ. Tranſ. Nr, 401. 

+ Mac Laurin's account, &c. Morgan's notes on Robauli, re- 
publiſhed at Cambridge, 1770. 

The futility of the common proof, drawn from what is called 
the equality of momentums, is ſufficiently ſhown by Dr. Hamilton 
in his ingenious Eſſay on the Principles of Mechanics, 
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one of the ſimpleſt caſes of oblique forces, namely, 
when two equal forces act on the ſides of an iſoſceles 
wedge, in directions parallel to the back, but oppo- 
- fite to each other, and are ſuſtained by a third force 
acting perpendicularly on the back of the wedge “. 
21. Before we enter upon the ſolution of this pro- 
lem, it may be proper to premiſe an account of the 
nature and laws of theſe oblique forces. 
Strictly ſpeak ing, there is no ſuch ching in the ab- 
ſtract as an oblique force, or a force producing a mo- 
tion in a ingle body, not in the direction of that force. 
The motion produced in every body is ſuppoſed to be 
in the direction of the force that produces it. Indeed, 
the direction of the motion produced, is what marks 
out the direction of the force producing it, and the 
quantity of this motion is the meaſure of that force. 
But one force only may produce a motion in TWO 
bodies (acting againſt each other) neither of which 
motions, taken ſeparately, ſhall be in the direction of 
the original force producing them. Thus one body 
may be urged againſt (or way ſtrike) the ſurface of 
another, in a direction oblique to that ſurface, and 
then (ſuppoſing them hard) the motion produced in 
each of theſe t. bodies (conſidered ſeparately) will 
neither be in the direction of the original force, nor 
will its quantity be ſo great as what the original force 
alone would produce. To determine the effect of 
ſuch an oblique action of one body againſt another, 
the original force is to be reſolved into two, one pa- 
rallel 


® Dr. Hamilton in his Eſſay, page 165, propoſes to conſider the 
caſe of oblique forces, but his demonſtration, if concluſive, re- 
ſpects a very different one. In this demonſtration che protruding 
orce EP (fig. 11.) is conſidered as equivalent to two others G 
and EG, that is, the perpendicular reaction of the fide of the 
wedpe againſt the body E, will be ſuſtained by the joint action 
of the two oblique forces GP and EG upon the body: 'True = 
but then we ſuppole the body E to be ſuſtained not by one, but 
by two forces, both of them (ſeparately) oblique to the fide of 
the wedge, but conjointly perpendicular; both neceſſary to make 
. an equilibriam, therefore 45 can properly be ſaid to be 1%. 
+ See 1 III. 
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llel and one perpendicular to the ſurface of the body 
acted upon. The ſeparate effect of theſe two forces 

ill thus be manifeſt, and by the laws of motion, the 
effect of two ſuch forces, conjointly, is the ſame as 
that of the original force alone. Now the quantity 
and direction of the motion, produced in the body adling 
againſt the plane, is ſuch as would be produced by the 
parallel force alone. The perpendicular force indeed, 
urges the body againſt the plane (whoſe reaction ſuſ- 
tains that force) but creates no motion in this body 
along the plane . Again; the quantity and direction 
of the motion, impreſſed on the body whoſe ſurface is 
afed upon, is ſuch as would be produced by the per- 
pendicular force alone, the parallel force creating no 
preſſure of the afing body againſt that plane. Having 
thus laid down the rule for finding the direction f 
the forces, impreſſed on theſe bodies ſeparately, and 
their proportion to the original force, we proceed to 
to the ſolution of the problem. | 

22. Let ABC (fig. 10.) be the iſoſceles wedge, 
whoſe angular point is C, ſides AC and BC, back AB, 
perpendicular height HC. Let FE repreſent the 
quantity and direction of the force, applied. to one 
of the ſides; reſolve this into two other forces, FD 
and DE, the former parallel, the latter perpendicu- 
lar to the fide AC, and the original oblique force 
FE, will have juſt the ſame effect upon the wedge, 
as a leſſer perpendicular force DE; the former being 
to the latter as AC is to HC. But this laſt perpen- 
dicular force on the ſide AC, is to that on the back 
which balances it, as AC is to AH, (by par. 11.) 
whence, compounding theſe ratios, the oblique force 


againſt one fide of the wedge, is to the perpendicu- 
lar 


If both theſe bodies be not hard, and their ſurface ſmooth, 
this parallel motion of the body — the plane will be prevent- 
ed by the indenting, or by their roughneſs, that is, by the action 
of theſe bodies againit each other. The original force in ſuch a 
caſe cannot generate a ſeparate motion in each body ; both will 
then have one common motion juſt as if one body had preſſed or 
ſtruck the ſurface of the other perpendicularly. as 
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lar force on the back which balances it, as AC* is to 
AHN UC. | 


The oblique force fe, on the other ſide of the 
wedge, being equal to FE, will require another per- 
pendicular force on the back to balance it, equal to 
the former perpendicular force; whence the whole 
force on both ſides of the wedge, is to the whole 
force on the back, as AC® is to AHX HC, or as the 
ſquare of the ſide of the wedge, to the rectangle un- 
der half the back, and the perpendicular height. 

23. There is no paralogiſm in this demonſtration, 
and the concluſion would obtain in fact, if a machine 
could be conſtructed, in which all the circumſtances 
ſhould exactly agree to thoſe here ſuppoſed, that is, 
to the data of the problem. If, for inſtance, two 
rollers could be made to preſs the ſides of the wedge, 
in directions parallel to the back, but oppoſite to 
each other, and at the ſame time be permitted to roll 
down the ſides of the wedge, with part of their origt- 
nal force; — but nothing like this is the caſe of the 
machines before mentioned, though intended to ſhow 
experimentally the power of the wedge, in the cir- 
cumſtances laid down in this problem. Therefore 
1 experiments made with thoſe machines, though 
they undoubtedly ſucceed juſt as related, yet do by 
no means prove the propoſition they are brought to 
prove, nor do they invalidate the reaſoning here ad- 
vanced. On the other hand, the problem, as it is 
here propoſed, perhaps, will not ſuit any caſe in which 
the wedge can be practically introduced, but mult 
ever remain a matter of ſele/s ſpeculation. 

24. Nothing ſhows the difficulty of underſtanding 
clearly, and applying juſtly, the firſt principles of 
mechanics, more than the contradictory anſwers gi- 
ven to ſeveral plain problems, as well as to thole re- 
lating to the wedge “. : 

Buc 


The reader will find two or three remarkable inſtances in 
8 preface to Mr. Atwood's Treatiſe on Motion, and more might 
given, ' 82 . | 


, 
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But the moſt ſingular inftance is that of finding 
the force of the HUMAN HEART. Borelli makes ic 
equal to one hundred and eighty thouſand pounds*. Dr. 
James Keil makes it ander eight ounces T. And Dr. 
Jurin, (by virtue of ſecond fluxions) finds it to be juſt 
fifteen pounds four ounces, avoirdupoiſe F. Nor are the 
terms Vis viva and Vis mortua of the Leibnitzian 
ſchool very intelligible. Theſe indeed the diſciples 
of Newton reject ||; but they introduce others, ſuch as 
Vis inertia, Re-attio, \ Momentum, &c., not always 
clearly explained. Well might the ingenious author 
of the Analyſt tell theſe philoſophers, that the term 
GRACE in Divinity, was full as intelligible as the 
term FORCE in their Philoſophy; notwithitanding 
they ſo much boaſted of clear and unqueſtionable demon- 


tration 8. 


Nil. 


What follows is a deſcription of two machines, in- 
tended to ſhow the power of the wedge, in the caſe 
before mentioned. How far their circumſtances an- 
ſwer to the data of the problem, in par. 20. is left to 
the reader's conſideration. 

25. Let a roller F, (fig. 11.) be drawn by a ſtring 
DF, running over a pully D, ſo fixed, that when the 
roller bears againſt the ſide BC, of the iſoſceles wedge 
ABC, the ſtring DF ſhall be parallel to BC. At the 
ſame time let this roller be drawn in the direction FE 
by another ſtring FE, running parallel to AC, the 
back of the wedge. Let another roller E be applied 

In 

Forelli de motu animalium. prop. 73. 

+ Keil, Tentamina Medico-Phyſica. 

1 Jurin's Eſſays, or Phil. Tranſ. Nr. 358. 


Mac Laurin on Newton's Diſcoveries, B. II. Ch. 1. Sect. 12. 
and Ch. 2. | 

6 The controverſy about the Force of bodies in motion, very 
much reſembles that between the Janſenifts and Molinifts about 
Grace ; both ſides very hot, and very unintelligible. 
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in like manner to AB, the other ſide of the wedge. 


Laſtly, let the force with which the rollers act againſt - 


the ſides, be balanced by another force P, acting per- 
pendicularly to AC, the back of the wedge: then 
will the ſum of the two forces on the ſides, be to the 
force on the back, as AB* is to APXPB. 

The rollers are here ſuppoſed to have no weight 
of their own, but to owe their whole force to weights 
that draw them. 

26. The roller F is here ated upon by two forces, 
one of which being parallel to BC, oppoſes the mo- 
tion of the — . the ſide CB, but adds nothing 
to its preſſure againſt the ſide of the wedge. The 
roller is alſo drawn in the direction FE, oblique to 
the ſide BC, but it can move only in the direction 
FP, perpendicular to the ſtring FD, and therefore 
perpendicular to the ſide of the wedge. 

27. Another machine, better adapted to practice, 
is deſcribed by Mr. Ferguſon in his Lectures, page 
67. Ed. 1760. Plate VI. Fig. 6. and is here delineat- 
ed in Fig. 12. In this machine the wedge ABC, is 


not ĩſoſceles, but rectangular. The ſtring FG (which 


muſt be always kept parallel to BC) may be either 
fixed to an hook, or made to run over a pulley H, in 
which caſe the cylinder F muſt be poiſed by a weight 
W. The equilibrium will be, when the weight of 
the cylinder F, is to the weight K, that draws the 


wedge along the horizontal plane (in the direction 


Al. perpendicular to the back AB) as BC* is to AB 
AC; as will be ſhown preſently in par. 30. 

28, The cylinder F is here acted upon by two 
forces, the weight V, and the force of gravity; the 
former only oppoſes the deſcent of the cylinder down 
B C, the face of the wedge, and creates no preſſure of 
the cylinder againſt that face. The force of gravity 


acts in a direction parallel to the back BA, and there- 


fore oblique to the face BC; yet while the wedge is 
drawn along the horizontal plane, the cylinder F con- 
ſtantly riſes in a line which 1s (relatively to fixed ob- 

| | jects) 


ͤàH—ͤ— — — 
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jects) perpendicular to the face BC, and can move 
in no other direction. 

29. If the cylinder was ſuffered to deſcend freely 
down the face of the wedge BC, and the wedge was 
kept from running backwards (during the time of 
deſcent) by the weight K; the caſe would then ex- 
actly anſwer the data of the problem, in par. 20. ex- 
cepting that there would be here one oblique force 
only; the other two being perpendicular to the ſides 
of the wedge on which they act. 

30. From A let fall AD, perpendicular to BC, 
and from D let fall DE, perpendicular to AC. Let 
now BA repreſent the weight of the cylinder, then the 
force (of gravity) BA, may be reſolved into the 
forces BD and DA. Again; the force DA may be 
reſolved into the forces DE and EA. Now BA, BD, 
DE and EA, are to each other as BC*, ABXBC, 
AC*, and ABXAC reſpectively: therefore if BC“ re- 
preſents the weight of the cylinder, then ABXBC 
will repreſent the force with which it deſcends down 
the face of the wedge; AC* will be the preſſure of 
the wedge upon the horizontal plane, and ABX AC, 
the force impelling the wedge (backwards) along the 
horizontal plane. — This laſt force will be greateſt 
when AB and AC are equal, in which caſe it will be 
half the weight of the cylinder. | 

31. Let the ſtring be fixed at , and let the wedge 


be drawn under the cylinder; then, when the wedge 


has been drawn its whole length AC, on the horizon- 
tal plane, the cylinder F will be raiſed along the face 
of the wedge from C to D, whoſe perpendicular height, 
above the horizontal plane AC, is DE; therefore the 
cotemporary velocities of the weights F and X, eſti- 
mated in the directions in which they act, are reci- 
procally as AC to DE, that is, in a ratio compounded 
of AC to AD, and AD to DE; or as BC. to ABX 


AC, that is, reciprocally as thoſe weights when they 


balance each other, according to the rule given in 


r. 20. | 
1 ESSAY 


E S S A Y III. 


On SIR ISAAC NEWTON's sEcOND LAW 
OF MOTION, 


IHE deſign of Newton in the Principia, is to 
refer all that variety of motions we ſee in the 
univerſe to a few general principles. All philoſophy 
conſiſts in tracing out general principles by way of 
Analyſis; and from general principles thus eſtabliſhed, 
deriving ſynthetically a vait variety of particular 
phenomena ®, Such general principles in rational 
mechanics r, are called rules or LAWs OF MOTION ; 
they are circumſtances which we ſee take place in the 
motion of all bodies we are converſant with, and are 
analogous to AXIOMS in abſtract reaſoning, Axioms 
are truths which the mind aſſents to, as ſoon as clearly 
underſtood ; they cannot be proved, but are the baſis 
of all demonſtration. The enquiry into the relation 
which the various motions in the univerſe have to 
each other, not being an enquiry into the relation of 
abſtract ideas; the firſt principles here, are not ſelf- 
evident truths, but laws founded on univerſal experi- 
ence. As in abſtract ſcience, ſo here; the fewer firſt 
principles are aſſumed by way of axioms, the more 
ſcien- 
Optics, at the end, ; 
+ Rational or theoretical, as oppoſed to practical. See pre- 
face to the Principia. | | 
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ſcientific is the ſyſtem of philoſophy built upon them“. 


Again, the axioms of Euclid contain in them virtually 
all his geometrical propoſitions; for theſe propoſitions. 
are only ſo many corſequences derived from the axi- 
oms: ſo the laws of motion contain in them, virtually, 
a determination of the motion of all bodies in this 
our ſyſtem, remote as well as near; for the particular 
circumſtances of theſe motions may be derived from, 
and are neceſſary conſequences of thoſe general lawsÞ. 
But to ſhew that the motion of all bodies, in this 
our ſyſtem, are conſequences of the general laws laid 
down as axioms, we muſt compare theſe motions with 
reſpect to their quantities, their directigns, &c. and 
ſhow that they have exactly (not in a Vote way nearly) 
that very proportion to each other, which thoſe laws 
demand. Now, whatever is thus made the ſubject of 
mathematical compariſon}, muſt have ſome mathe- 
matical meaſure of its quantity, : 
c 


® ]t is not eaſy to determine what Newton meant by his Ætbe- 
real Medium, (Optics, Quere 19.) but it is certain he intended 
thereby to generalize further than he had done in his Principia. 
He thought he had diſcovered a grand univerſal principle, and 
that from ox E fimple law he could derive, not only thoſe kind of 
motions in bodies, we diſtinguiſh from others by imputing them 
to gravity z but alſo a vaſt variety of motions of another fort ; 
diſtinguiſhed, by being imputed to magnetiſm, electricity, &c. 
as their cauſe. See allo preface to the Principia, near the end. 

+ And here we may obſerve the proper buſineſs of natural phi- 
loſophy is not, in a ſtrict ſenſe, to aſſign the cauſesof motion, but 
to generalize and reduce all forts of motion to as few claſſes as 
poſhble ; thus to demonſtrate the wiſdom of Him who impoſed 
theſe laws upon matter, and has made all things in number, 
weight, and meaſure. See Principia, Def. VIII. | 
When we ſay that the motion of any bodies is cauſed by gra- 
vity, we mean only that their motion is ſuch as, according to 


| thele laws, would be the conſequence of a force, varying in a re- 


ciprocal © xa ratio of their diſtance from the central body. If the 
motion of any bodies be of a different ſort, we diſtinguiſh it by 
imputing their motion to ſome other unknown cauſe; ſuch as 
what we call Magnetiſm, Electricity, &. Thus effects which we 
do ſee and underſtand, are claſſed and diſtinguiſhed, by the name 
we giye to their ſuppoſed cauſe, of which we know nothing. 

t Newton's calls his book, The Mathematical Principle; of Na- 
tural Philoſophy. | | 
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It wuſt. be obſerved here, that ſome quantities have 
a meaſure in themſelves, and are therefore capable of 
mathematical compariſon; while others, which admit 
of more or leſs, and that in all poſſible degrees, yet 


having no ſuch meaſure, cannot be mathematically 


compared, Thus numbers have a meaſure in them- 


ſelves, are made up of parts which bear a proportion 


to themſelves, and to the whole; we can add one 
number to another equal number, and every one ſees, 
the whole is juſt double of each part. 

Extenſion has undoubtedly a meaſure in itfelf. The 
equality of two right lines is as intelligible, as the 
equality of two numbers. Euclid ſhows the poſſibi- 
lity of adding one right line to another, or of ſub- 
tracting one right line from another. 2 and 3 El. I. 
That the diameter of a circle is double the radius, is 
as intelligible, and as evident, as that twice two is 
four. In like manner ſurfaces are capable of addi- 
tion, ſubtraction, and proportion, as appears from 41 
and 47 El. I, and 1 and 2 El. II. So alſo are ſolids, 
as appears from El. XI. | | 

Angles alſo, as well as lines, are capable of equality, 
of addition, ſubtraction, and proportion. An angle, 
as well as a right line, can be divided into two equal 


parts; 9 and 10 El. I, And the ſum of the angles 


of every triangle is equal to two right angles; yet 
when we come to conlider the proportion of one an- 
gle to another, we are referred to the parts of the cir- 
cumference of a circle intercepted by thoſe angles, as 
the meaſure of their ratio; 33 El. VI. Thus linear 


extenſion in a certain way, is the proper meaſure of 


the ratio of angles. 

Equality of ratios is not queſtioned; El. V. Whe. 
ther ratios can be added, ſubtracted, &c. in the ſame 
ſenſe that lines can, is affirmed by ſome®*; but doubt. 
ed, or denied by others F. | | 

Duration 

* Namely, Saunderſon, Halley, Cotes, and others See Saunder- 

ſon's Algebra, Art. 293. Halley on Logarithms. Phil. Tranſ. Nr, 


216. or the Abridgement, Vol. I. p. 108. alſo Cotes's Lagometria. 
+ Namely, by 5 


r. R. Simſon in his note on the 23. El. Vi. 


— > 
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Duration ſeems to have no meaſure in itſelf, . We 
are referred to the revolution of the earth round its 
axis, for a meaſure of time. Every intire revolution 
(marked out by the return of the ſame ſtar to the 
ſame point in the heavens) is aſſumed as equal: and 
the gon of the time of every revolution, (as diſtin- 
gui by the angular motion of the ſame ſtar) are 
_ alſo ſuppoſed to be proportional to the angle de- 

{cribed. | wel 
W hatever be the caſe of theſe quantities, there are 
others, undoubtedly capable of more or leſs, which 
yet have no meaſure of their magnitude in them- 
ſelves; and are utterly incapable of that compariſon, 
we call ratio or mathematical proportion. Neither 
do they admit of addition and ſubtraction, in the 
ſenſe that lines and numbers do; nay their very equa- 
lity is doubtful. Of this ſort are all moral qualities 
of the mind, and all natural ſenſations of the body. 
Virtue and vice, are different in different perſons ; 
pleaſure and pain, heat and cold, alſo admit of vari- 
ous degrees, but who can meaſure them *#? Who can 
add one degree of heat to another equal degree of 
heat? Now to make quaatities, which have not a 
meaſure in themſelves, the ſubject of mathematical 
compariſon, an arbitrary meaſure is aſſigned to them 
by referring them to ſome quantity which has a mea- 
ſure, and to which they are related. Thus, he who 
raduates a thermometer, eſtabliſhes an arbitrary mea- 
ure of heat and cold. He refers the degrees of heat 
to extenſion, to which it has a relation, becauſe heat 
increaſes the extenſion of moſt bodies; for he eſti- 
mates the degrees of heat, by the length of that part 
of the tube, occupied by the quickſilver, as it is 
meaſured on his ſcale. And thus we may ſay, yo 
| rae 


® There are moraliſts, who not only compare mathematicall, 

the merit or demerit of one man with that of another, but alſo 

demerit with puniſhment. And in the Philoſophical Tranſac- 

tions, Nr. 293. a certain Doctor has demonſtrated algebraically, that 

the doſes of phyſics ſhould be as the ſquares of the conſtitutions 
of the patients. 1 
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the heat of a moderate ſummer's day, when the ther- 
mometer ſtands at 64, is juſt double the heat at the be- 
ginning of a froſt, when the thermometer ſtands at 32+. 

In the ſame manner velocity or ſwiftneſs has no 
meaſure in itſelf. We perceive that ſome motions 
are ſwifter than others, but how ſhall we know when 
one motion is juſt twice or three times as ſwift as 
another? Now the ſpace deſcribed in a given time 
depending on the degree of velocity, is with great 
propriety made the meaſure of velocity. 

So alſo Force is not meaſurable in it own ſelf, One 
force may undoubtedly be greater or leſs. than another; 
and that whether its action is continued for ſome time, 
and is what we call preſſure; or whether its action be 
inſtantaneous, or what is called impact. But who 
can determine when one ſpring puſhes juſt as ſtrong 
again as another? or one man {ſtrikes juſt as hard 
again as another? We can no more add one blow to 
another equal blow, than we can add the whiteneſs of 
one piece of paper to that of another juſt as white, 
and ſay it makes a colour as white again. Even the 

uality of many quantities, which have no meaſure 
in themſelves; can hardly be aſcertained. 

Newton, perfectly aware of this, begins the Princi- 
5 with eſtabliſhing meaſures of all thoſe quantities 

e intends to make the ſubject of mathematical com- 
pariſon, and which have not a meaſure in themſelves, 
Among theſe are quantity of matter, Def. 1. Quantity 
of motion, Def. 2. &c. all of which are referred for 
their meaſure, ul:imately, to ſuch quantities as have 
naturally a meaſure in themſelves. 

As motion is the conſequence of a force acting on 
any body; ſo it is with great propriety made the mea- 
ſure of that force. Motion in itſelf indeed, has no 
natural meaſure; but an artificial one is aſſigned to 
it in the ſecond definition. 5 5 

By Newton's eighth, definition, the quantity of the 
vis centripeta motrix, or ſuch a force as acting conti- 

| 13, 5S How nually, 

+ See this ſabje& fully diſcuſſed in the Philoſophical Tranſ- 
actions, Nr. 489. | | 
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nually, generates motion in any body, is to be eſti- 
mated, (that is, its proportion to any other force of 
the like kind determined) by the quantity of motion 
generated by the action of that force, uniformly con- 
tinued for a given time; or as it is uſually expreſſed, 
the quantity of force is to be meaſured by the quan- 
tity of motion. As far as appears, the motion gene- 
rated inſtantaneouſly, 1s alſo to be the meaſure of an 
inſtantaneous force. If therefore a body be already 
in motion; and that motion be increaſed or diminiſhed - 
by the action of ſome new force (of either kind) ſurely 
that adventitious force OVGHT to be meaſured in the 
fame manner as the original force was. For would 
it not introduce the utmoſt confuſion, to meaſure the 
original force by one rule, and the additional part by 
another? And if we lay it down as a definition, that 
the change of motion 1s the end meaſure of the 
force ſo impreſſed, is it not identical to lay it down 
alſo as a propoſition (in the ſecond law of motion) that 
the change of motion 1s proportional to the moving 
force impreſſed? And what is the proof? namely, 
«that if any force generate a particular degree of 
motion, a double force will generate a double motion; 
whether in the way of preſſure or of impact.“ This 
turely, if any thing can be, is identical. For what is 
the definition of a double force? — That which gene- 
rates a double motion“. 
What has been faid may be applied to the other 
part of the ſecond law of motion; that the change 
ot motion is produced in the direction of the right 
line in which this force is impreſſed.” For there is no 
other mark to know in what direction any force is 
impreſſed, but the direction of the motion produced 
in conſequence of that force. As the quantity of 
REY motion 


* The common aphoriſm, that ** cauſes are proportional to 
their effects is inapplicable, when we have no meaſure of either; 
and identical when one is meaſured by the other. 1 ſpeak. of 
proportion in a mathematical, not moral ſenſe, See Mac Lay- 
rin's Account, B. II. Ch. 2, Sect. 22. 
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motion produced, is made the meaſure of the quantity 
of force; ſo the direction of the motion is ever the 
mark of the quality, or direction of the force. | 

Newton certainly intended this law of motion 
ſhould be a more general propoſition, than what he 
derives from it in his firſt corollary (accedet igitur cor- 
pus, &c,) Whatever that propoſition was, he ſeems 
to have thought that it followed à pricri from the na- 
ture of motion. For he does not eſtabliſh this law, 
as he does the other two by appealing to facts; but 
by arguments drawn from the nature of motion. 
Whether this attempt to go higher, and generalize 
more, has not introduced obſcurity into the law it- 
ſelf, and embarraſſed the argument by which he en- 
deavours to prove the truth of the firſt corollary, (all 
that is material to be eſtabliſned) let others judge. 
What follows is an attempt to expreſs this law, in 
more intelligible (though perhaps leſs general) terms, 
and to put its proof, like that of the other laws, up- 
on univerſal experience. 


DEFINITION. 


By the determination of a force, is meant either the 
line of its direction, or any other line parallel to it“. 


LAV. 


When a body is acted upon at once by two forces, 
its quantity of motion eſtimated in the reſpective de- 
terminations of thoſe forces; is the ſame when they 
act jointly, as when they act ſeparately. 

To explain this, deſcribe the parallelogram ABCD, 
(fig. 14.) and draw the lines EE, FF, parallel to AC; 
alſo GG, HH, parallel to AB, * | 

Let a body A, be acted upon in the direction 4B, 
by a force that would carry it ina given time, through 
the line AB. Again, let the ſame body be acted up- 
on in the direction AC, by another force, that wo 


carry 


e This definition is borrowed from Saunderſon's Introduction 
to Fluxions. a | 
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carry it in the given time through the line AC. Let 
now theſe two Hog act at the ſame time jointly on 
the body; then it will be carried juſt as far by their 
joint action in the determinations GG, HH, CD, as 
it would be by the former force alone, in the ſame de- 
termination, or in the line AB. It will alſo be car- 
ried juſt as far in the determinations EE, FF, BD, 
as it would by the latter force alone in its determi- 
nation, or in the line AC. The action of the former 
force, though mixed with the action of the latter, 
will yet have no effect upon the body, but in its pro- 
r determination GG, HH, CD; nor will its effect, 
thus eſtimated, be increaſed, or diminiſhed, or the body 
be made to approach to, or recede from, the line BD, 
by the acceſſion of the latter force. In like manner 
neither will the action of the latter force (ſo eſtimated) 
be changed by being joined with the former, Its ef- 
fe& upon the body in its own proper determination 
EE, FF, BD, will not be altered; nor will the body, 
by the joint action of the former force, be made to 
g—= to, or recede from, the line C D, parallel to 
AB. Thus we may ſay, neither the quantity nor the 
quality of the motion generated, will be at all altered 
by the joint action of two forces upon any body: it 
will be the ſame (ſo eſtimated) as if they had ated 
ſeparately. 8 
What has been ſaid is only to illuſtrate the mean- 
ing, not to prove the truth of this lac. 


SCHOLIUM. 


The rule which thoſe motions follow, that are oc- 
caſioned by the action of a ſingle force, is laid down 
in the firſt law of 'motion: in this ſecond law, we 
have the rule which motions ariſing from the. com- 
bined action of two forces (of either kind) always 
follow“. Newton explains (in his firſt corollary) 
$HES5 Fa. . N 3 thoſe 

The third law reſpects the communication of motion from 
one body to another; whether inſtantaneous, or gradual. - * + 
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thoſe circumſtances which always attend theſe mo- 
tions, as we have done, (nihil mutabit velocitatem, &c.)z 
but then ſurely theſe circumſtances ſhould have been 
the law itſelf, not a conſequence from it, implied in 
the words Nam quoniam vis, &c. — This law reſpects 
the motion of a body ſo acted upon, as it is eſtimated 
in the determination of each force ſeparately; but 
from thence, the line which the body will deſcribe, 
and its motion eſtimated in its own proper path, may 
be derived as follows. 1 | | 
Co. 1. At the end of the time in which the body 

by the former force would have deſcribed the ſide 
AB, or by the latter force the fide AC; the body 
when acted upon by the two forces conjointly, will 
be found in D, the oppoſite angle of the parallelo- 
gram, For by this law the former force does not 
change the approach of the body to the line CD, 
therefore at the end of the time it will be found ſome- 
where in that line, By the ſame Jaw, the latter force 
does in no wiſe change the approach of the body to 

the line BD, therefore at the end of the time it will 
be found ſomewhere in that line alſo; and therefore 
be found in their concourſe D, the oppolite angle of 
the parallelogram. | 


SCHOLIU M. 


As this law obtains in the joint action of two forces, 
of either kinds (inftantaneous or continual) the body 
will in either caſe be found in the point D; but the 
road by which it gets to D, and its rate of travelling, 
will be different according to the nature of the forces 
combined together. © | | 

Cor. 2. Draw AD, the diagonal of the parallelo- 
gram, and let the two forces act inſtantaneouſly. I 
lay in this caſe the body A, will deſcribe the diagonal 
AD, with an uniform motion, and m the ſame time 
in which it would have deſcribed the ſides by theſe 


reſpective forces ſeparately. For as the action of 
| E 4 if .i4 4.204 foo 
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. ſuch forces ceaſes after the firſt impreſſion given; 
whatever direction and velocity theſe conjoint forces. 
ive the body, it will go on uniformly with that ve- 
ocity, and in that direction ever after, by the firſt 
law of motion. Now at the beginning of the time, 
the body was ſuppoſed at A, at the end of the time 
it will be found in D, by Cor. 1, therefore it will 
have deſcribed a right line paſſing through A and D, 
(that is the diagonal AD), with an uniform motion, 
and in the ſame time that by the former force or im- 
paR, it would have deſcribed the ſide 4B uniformly, 
or by the latter impact the ſide AC, | 

CoR. 3. Let both forces act continually, but uni- 
formly, during the time in which the body by one 
force deſcribes AB, by the other force AC. In this 
caſe, when the ſides are deſcribed ſeparately, they 
will each be deſcribed with a velocity uniformly ac- 
celerated; and becauſe the time in which theſe ſpaces 
are deſcribed, is given, the accelerating forces will be 
as thoſe ſpaces, or the ſides AB and AC, by the firſt 
law of motion . I fay in this caſe, the body when 
ated upon by both forces conjointly, will de- 
ſcribe the diagonal AD, with a velocity uniformly ac- 
celerated, and in the ſame time in which it would 
have deſcribed either ſide by its reſpective force ſe- 
parately. 

In the lines AB and AC, let E and G be two co- 
temporary places of the body, when it deſcribes thofe 
fides ſeparately. Compleat the parallelogram AE PG, 
and P will be the cotemporary place of the body, 
when the forces act conjointly, by Cor. 1. But be- 
cauſe B and C are alſo cotemporary places of the bo- 
dy, when the forces act ſeparately, we have by the 
firſt law of motion as before AE: AG:: AB: AC. 
The parallelograms AE PG, and AB DC, are there- 
fore ſimilar tr, and the point P lies in the * | 
on ork ake ont ian fron tow bn 


f Def. 1. El. VI. 
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40. In like manner, the place of the body at every 
inſtant, while the forces act conjointly, will be found 
in the diagonal. Moreover, AB: AD:: AE: AP. 


If therefore the point E (repreſenting the place of 
the body) deſcribes the line AB, with a velocity uni- 


formly accelerated, the point P will alſo deſcribe the 
diagonal AD, with the like kind of motion, and in 
the ſame time. Therefore the body, when acted up- 


on by both forces jointly, will deſcribe the diagonal 


8 7 


with a velocity uniformly accelerated, and in the 
ſame time in which it would have deſcribed either ſide 
by its reſpective force ſeparately. 


SCHOLIUM. 


The motion of the body, along the diagonal gene- 
rated by the conjoint forces, is juſt ſuch as would 
have been produced by a ſingle force, acting conti- 


nually and uniformly in the direction of the diagonal 


AD, and whoſe quantity is to either of the other 
forces, as the diagonal is to the reſpective ſide. For 
the time being given, theſe accelerating forces, are as 


the ſpaces deſcribed, as was faid before. | 


CoR. 4. Hence, athird force aCting in the contrary 
direction DA, and whoſe quantity is to either of the 
other two forces as the diagonal, to the ſides ref] 
tively, would juſt counter. act the joint effect of the 
other two forces, and keep the body in equilibrio. 

Cok. 5. Hence, if a body be acted upon by three 
forces, whoſe quantities and determinations are repre- 
_ by the ſides of a triangle ABD, that body will 

at reſt. FO: 


SCHOLIUM. 


If the forces are one inſtantaneous, and the other 
continual and uniform, the body at the end of the 


given time will be found in the oppoſite angle of the 


arallelogram, as before, but the path it will have 
N | deſceribed 
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deſcribed will not be a right line, but a parabola, as 
is ſhewn by all the writers on projectiles. - . 
It may now be aſked, how can ſuch a law as this 
be proved experimentally ? By what ſort of trials are 
we to find out, whether the determination of two 
forces, or the quantity of motion produced in ſuch 
determination, is, or is not, altered by their acting in 
conjunction? It may be anſwered, that all the imme- 
diate conſequences of this law, that can be eſtabliſhed 
by experiment, are ſo many proofs of the principle 
from which they are derived. Nothing is more eaſy. 
than to apply three weights ſo as to act at once upon 
one body, and that in any propoſed directions. 
Where ever the quantity and directions of theſe forces, 
are ſo proportioned, as according to the corollary drawn 
from this law, to balance each other; there we ſhall 
find the body will be at reſt. All the experiments 
made on what are called the mechanical powers, are 
alſo (by conſequence) proofs of this law. a 
The firſt law of motion cannot be proved by direct 
experiment. We never in fact do fee any body whoſe 
motion always continues uniform and in a right line; 
but we juſtly infer from ſuch experiments as we can 
make, that it would do fo were all impediments re- 
moved. Paradoxical as it may ſeem, yet it muſt be 
acknowledged, that thoſe circumſtances which it is 
alledged do take place in all moticns, and therefore 
become laws of motion, are yet not to he ſeen {fimply) 
in any one motion we are acquainted with. By mak- 
ing theſe laws ſo very general and abſtract, they exiſt 
in idea only; they do not admit of a direct proof 
from ſimple fact, and can only be inferred by way of 
conſequence from facts. An experiment cannot be 
contrived in which a' body ſhall be placed in thoſe 
very ſimple circumſtances, ſuppoſed in the law itſelf; 
foreign ones will attend it. But though ſome argu- 
ment muſt be uſed, it is ſeldom that more than one 
ſtep is neceſſary, all beyond is matter of fact; ſo that 


theſe laws may be fairly ſaid, not to depend on meta- 
gs phyſical 
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phyſical reaſonings about matter and motion, or un- 
certain hypotheſes; but as all ſound philoſophy ſhould 
do, on obſervation and experiment. 547 
Mac Laurin in his comment on this law, ſeems to 
_ repreſent it as affirming, that when a force acts in 
part upon a body A, it produces only ſo much mo- 
tion as the acting part, not the whole, can produce. 
There are many inſtances where a force, which ſeem- 
ingly acts upon one body, really acts upon two. 
When the motion, produced in the ſecond B, is ſo 
flow as to be imperceptible, we then ſay part of the 
original force is ſuſtained by B, and part only acts 
upon A; but ſurely to ſay the motion generated in A, 
is proportional to ſo much force as is impreſſed on 4, 
or that the acceleration is proportional to the power 
« that acts,“ is identical. For we undoubtedly mea- 
ſere, the power that acts, by the acceleration it pro- 
duces. - It is identical conſidered as a law. or rule. — 
It is quite another thing to enquire how we ſhall de- 
termine what proportion that part of the force which 
does act upon A, bears to the whole. va 
When Mac Laurin explains Newton's firſt corol- 
lary he premiſes this principle. That when a body 
* js acted upon by a motion or power parallel to a 
te right line 3 in poſition, this power or motion 
„has no effect to cauſe the body to approach to- 
'«« wards that right line or recede from it, but to 
« move in a line parallel to that right line only, as 
« appears from the ſecond law of mation.” It is not 
eaſy to underſtand this, if the body be ſuppoſed t 
be acted upon by one force only: for then the firſt * 
law 1s the rule of its motion. And if it relates to the 
caſe of a body, acted upon by two forces at once, (the 
caſe conſidered in the ſecond law), it will, when fully 
explained, probably coincide with the principle or 
law before laid down. That this principle is or ſhould 
be the law itſelf, we contend; bur if this be denied, 
then we aſk, 1s this principle a lemma to be premiſed 
for demonſtrating the law, as is faid at firſt; or a con- 
. 85 ſequence 
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fequence from the law, as is ſaid at the concluſion? See 

in Account, Book II. Ch. 2. Sect. 3. & 8. 
p. 115. and 121. Quarto“ . | ay 
What Mr. Milner ſays in his excellent and judici- 
ous comment on the third law. of motion, may be 
fairly applied both to Mac Laurin, and even Newton 
himſelf, with reſpect to the ſecond law of motion. — 
« I cannot poſlibly conceive that ſo ſkilful and accu- 
« rate a philoſopher could believe, that the third law 
« of motion was an inference of reaſon, excluſive of 
« all experiment; and yet, if words have any mean- 
« ing at all, the above quotation inclines us to think 

« fo, A law of nature is not merely a deduction of 
« reaſon: it muſt be proved, either at once and di- 
« rectly, by ſome imple and deciſive experiments; or 
« if that cannot be done, by ſuch experiments as en- 
« able us to collect its exiſtence by the aſſiſtance of 
« geometry.” See Phil. Tranſ. Vol. LXVIII. Part 1, 


3 | 
What has been ſaid, is by no means intended to 
cavil at ſo great a man as Newton; but inaccuracies 
in the manner of reaſoning create great difficulties to 
learners, and ſometimes to more experienced philo- 
ſophers. Of this we have a remarkable inſtance in 
the controverſy, carried to a great length, between 
two able mathematicians, Rois, and JURIN, about 
Newton's Proof of his firſt Lemma to the laws of mo- 
tion, owing to this; that Newton took that for a 
propoſition, and therefore to. be proved, which is cer- 
tainly nothing but a definition, and therefore can only 


be explained. 


o Seft. 11. and 12. p. 123. of Mac Laurin's account, are 
Tightly termed illuſtrations, not proofs, of the ſecond law of mo- 
tion. They /uppo/e this principle or law, to be true. 
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PROPERTIES or Tis CYCLOID. 


LEMM A. 


1 T Pt (fig. 15.) be a tangent to the circle 
DPE in P; and DE a diameter. From P let 
down PM, perpendicular to DE; draw the chord 
EP, to the extremity of the diameter, and it will bi- 


ſect the angle MPT, made by the perpendicular PM, 


and the tangent PT. 


Draw the chord DP, to the other extremity of the 


diameter, and TPEZ=PDE (32. El. III.) MPE 


(8. El. VI.). Therefore the chord E, biſects the 
angle MPT. 


DEFINITIONS. 


If a circle DPE be made to roll (ſuppoſe from the 
left hand to the right) againſt a ſtraight line ALB, 
until the point P, which at firſt touched the line in 


A, comes to touch it again in B, then the line AFPB, 


deſcribed by the point P, is called a CYCLo1D; the 
circle, the generating circle; the line AB, the baſe, FL 
perpendicular to the middle of the bale, the axis; and 
(ſuppoſing the axis to be perpendicular to the horizon) 
F is the loweſt point of the cycloid. 

Let C be the center of the generating circle, D the 


point 


| 
[ 
' 
| 
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point of contact with the baſe, in any ſuppoſed poſi- 
tion of that circle. Draw DE a diameter paſſing 
through the point of contact, and therefore perpen- 
dicular to the baſe AB. Draw T Pt a tangent to the 
circle in the deſcribing point P. Draw MPm through 
P, perpendicular to the diameter DE, and parallel to 
the baſe. Laſtly, from P, draw the chords P D and 
PE to the extremities of the diameter DE, draw 


alſo the radius CP. | 
SCHOLIUM, 


In the generation of the cycloid, the motion of the 
deſcribing point is compounded of a circular- and 
rectilinear motion. For while the circle turns round 
the center C, that center, (and every other point in 
the plane of the circle) is carried forward in a right 
line, parallel to the baſe AB. By the former motion 
alone, the point P, would be carried in the direction 
of TP, the tangent to the generating circle in P: by 
the latter alone, the point P, would be carried along 
the right line AP n, parallel to the baſe; by both 
motions conjointly ; the point P will be carried in an 
intermediate direction; that of Z Pp, a tangent to the 
cycloid in P. | 
PRO. 1, Let the little line Ef repreſent the cir- 
cular velocity, and Pm the rectilinear velocity of the 
deſcribing point P. Now theſe are equal; therefore 
take Pt and Pm equal, complete the parallelogram 
Ptpm, draw the diagonal Pp, and it ſhall repreſent 
both the direction — velocity of the deſcribing point, 
when carried on by both motions jointly. This fol- 
lows from the known laws of motion“. 

CoR. The angle Pp = Pp; therefore the diago- 
nal continued, biſects the angle MPT, and coincides 
with the chord PE, by the lemma. 

Alſo the other chord PD is perpendicular to EPp, 
the tangent to the cycloid in P. (31. El. III.) 


SchoL Tux. 
New ton's Princip. Cor. Laws of Motion. 
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That the chord DP. is perpendicular to the tan- 
gent, is ſometimes proved from this conſideration ; 
that the deſcribing point P, may be looked upon, as 
turning round the point of contact D, as a center; 
and from hence, ſome have concluded falſely, that D 
is the center of curvature, and DP the radius of cur- 
vature, of the cycloid, at the point P. The ſolution 
of the following problem, ,will ſer this matter in a 
true light. | 4 

PROBLEM. | 

To find the center of rotation, of the chord line 
DP, always drawn through the point of contact of 
the generating circle, and the deſcribing point P. 

Conceive the point of contact transferred (by the 
rotation of the generating circle) from D to e. And 
here let it be obſerved once for all, — that the recti- 
linear or progreſſive motion, Firſt, of the point of con- 
tact; Secondly, of the center C, of the generating cir- 
cle; Thirdly, of the other extremity E, of the diame- 
ter DE; and Fourihly, of the deſcribing point, are all 
four equal, and in right lines parallel to the baſe. 
Take therefore De=Pm, and while one end D, of 
the line DP, is transferred from D to e; the other 
end P, will be transferred from P to p, and a line 
paſſing through p and e, will give the poſition of a 
new chord line very near the former. Reſolve the 
motion along De into Dad, perpendicular, and de pa- 
rallel to Dp; and D4 is the perpendicular tranſlation 
of the end D, while Pp is the perpendicular tranſla- 
tion of the other end P, of the chord line DP. 

Draw the other diagonal mz, and the two diagonals 
will biſect each other, perpendicularly in n. Now the 
triangles PN and e Dad are equal, and P = Da, or 
Pp= twice Dd; therefore the new chord line drawn 
through p, e, and d, will meet the old one PD, pro- 
duced in a point whoſe diſtance from P is equal to 

. twice 


. 
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twice PD. And this is the real center, about which 
the chord line PD revolves; and is the true center 
of curvature of the cycloid at the point P, the radius 
of curvature being equal to twice PD, © 
REMARK. If the point D be conſidered as a 

point always fixed in the circumference. of the gene- 
rating circle, then it is undoubtedly ſtationary at D; 
the circular and' rectilinear motions of that point be- 
ing then equal, and in oppoſite directions; but if D 
repreſents the point of contact (where-ever it may be) 
then D is not ſtationary. | 

Cok. 1. The radius of curvature at F, is twice 
FL, or twice the axis of the cycloid, | 
Con. 2. All things as before; the line »7 repreſents 


the velocity with which the chord” PD ſhortens; the 


line Pn, the velocity with which the chord EP 
Jengthens ; and Pp, the velocity with which the cy- 
cloidal arch FP increaſes, Now Pp is always dou- 
ble of Px, and at F, both the cycloidal arch FP, and 
the chord EP are nothing; that is, they begin roge- 
ther, and the arch increaſes every where, with double 
the cotemporary velocity of the chord. Therefore 
the cycloidal arch FP, reckoned from F, is double 


the chord EP. 


REMARK. It may ſeem ſtrange, that Pp ſhould 
repreſent the velocity wich which the arch FP in- 
creaſes ; yet not repreſent the velocity with which 
the chord EP increaſes. For the deſcribing point P 
is the common termination of the arch FP, and of 
the chord E; and the point p is the common termi- 
nation of the new arch and new chord, and therefore 
Pp their common increment. 

In this repreſentation of the caſc, both the chord 
and the arch are referred to abſolute ſpace; but the 
chord ought always to be referred to the rolling cir- 
cle. Both the arch Fp and chord Ep, will have one 
common termination in abſolute ſpace, but while P 
is carried by a motion, whoſe velocity and direction 
is Pp, the other end of the chord E will alſo be _ 
8 | ri 
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ried (in abſolute ſpace) by a motion whoſe velocity 
and direction is repreſented by De or Pm. Let this 
(as before) be reſolved into two others, Px and m u, 
and Px will repreſent the velocity of the point E, in 
the direction E P, and Pp will repreſent the velocity 
of the point P, in the ſame direction, confidered abſo- 
lutely. But the increaſe of the chord line EP, de- 
ds on the relative velocity of its two boundaries 
E and P. If they had one common velocity in the 
direction of the line EP, that line would receive no 
increaſe of its length. To find the velocity with 
which the line EP increaſes, we muſt ſubtract the ab- 
ſolute velocity of the point E, from the abſolute ve- 
locity of the point P, in their common direction; 
that is, we muſt take Px from Pp, and the remainder 
np=Pn is the velocity with which the chord EP in- 
creaſes, and is half Pp, the velocity with which the 
arch increaſes ; becauſe F, the other end of that arch, 
is a fixed point, | 505 
If (as we ought) we refer the point p to the gene- 
rating circle; # will be the place where it will be 
found in that circle. The diameter DE always 
paſſes through the point of contact; therefore rela- 
tively to this moving circle, Ez and Di, are the new 
chords, when the deſcribing point is at p in the cy- 
cloid, that is at / in the circle; and Px is the incre- 
ment of one chord, and xt the decrement of the 
- other, as before, 
PROP. 2. The accelerating force of a body oſcillating 
in a cycloid, is as its diſtance from the loweſt point F. 
For the accelerating force in any point P, is the 
ſame as if the body was placed on the tangent to 
that point ZPp, or on the chord EP. Bur the ac- 
celerating force of a body, placed on different chords 
of a circle, all drawa to irs loweſt point, is as the 
length of thoſe chords by the laws of motion“. 
; T herefore 


The accelerating force, is to the force of gravity, as EM to 
EP; or as EP to DE; but DE is conſtant; therefore the accele- 
rating force is as the chord EP. See Cotes De Deſcen/u Grawium, 
or Keil's Phyſics, 


F 
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Therefore the accelerating force at any point P of the 
cycloid, is as the chord EP, or as double that chord, 
or as the length of the cycloidal arch FP, by cor. 2. 
to the problem. | 

CoR. Hence the times of all oſcillations in a cy- 
cloid, whether through greater or leſs arches are equal, 
by the laws of motion“. 

PROP. 3. If the center of the generating circle be 
carried uniformly forward, with half the velocity, 
that is acquired by an heavy body in falling from 
reſt, through its diameter; the deſcribing point will 
every where have the velocity of a body oſcillating 
in the cycloid, 

Becauſe D Pp, and C Py, are each right angles, take 


away the common angle DPz and DPC=z Pp, and 


the 1ſoſceles triangles CPD and Pp, are equiangular, 


and P (Pn) is to Pp as CP to DP. Therefore 
if CP repreſent the rectilinear velocity, with which 
the center C is carried forwards, DP will repreſent 
the velocity wherewith the point P deſcribes the cy- 
cloid. DP*=DEXDM (8. El. VI.) and DP is as 
V DM, therefore DP is always proportional to the 
velocity acquired by an heavy body in falling (from 
reſt) through the ſpace DM. At the point F, the 
line DP becomes the line DE, and the ſpace DM, 
becomes the ſpace DE. Therefore as DE is to DP, 
ſo is the velocity acquired in falling through DE, to 
the velocity acquired in fal ing through DM; and as 
2 DE or CP, is to DP, ſo is half the velocity acquir- 
ed by falling through DE, to the velocity acquired 
by falling through DN; but it was before 1 
that CP is to DP, as the rectilinear velocity of the 
center C, to the velocity wherewith the point P de- 
ſcribes the cycloid. Hence, the rectilinear velocity 
of the center, is to the velocity of the deſcribin 
point, as halt the velocity acquired by falling — 
E, 


Princip. L. I. P. xxxviii. Cor. 2. or Keil's Phyſics, Th. 


XLV. 


1 Cotes De De Grav. Th. II. or Keil, Th. XVII. Cor. 6. 


* 
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DE, is to the velocity acquired by falling through 
DM. Now if the antecedents be made equal, the 
conſequents will be ſo too; that is, if the velocity of 
the center be made equal to half the velocity acquired 
by falling from reſt through DE; then the velocity 
of the deſcribing point, will be equal to that acquired 
by falling from reſt through DM, and this (by the 
laws of motion *) is the velocity acquired by a body, 
deſcending from reſt, through the cycloidal arch BP. 
Thus, if the center of the generating circle, be car- 
ried uniformly forward in a right line, parallel to the 
baſe, with the velocity aforeſaid; the deſcribing point 
P, will have the ſame velocity every where, that a 
body oſcillating in the cycloidal arch has. 

CoR. 1. In this caſe, the deſcribing point will trace 
out the whole cycloid, exactly in the ſame time, that a 
body takes in oſcillating through it. For their velo- 
Cities at the ſame points are preciſely the fame, 

CoR. 2. In this time (of the deſcription of the cy- 
cloid) the center of the generating circle, by its uni- 
form velocity, goes through a line equal to the baſe 
or circumference of that circle: and (by the laws of 
motion ) with this ſame uniform velocity (half that 
acquired in falling through DE) a body would be 
carried through DE, in the time of deſcent. But 
the former time, is equal to the time of one oſcilla- 
tion through the cycloid (by Cor. 1.) and the latter 
time is the ſame, as the time of deſcent through the 
axis of the cycloid (for DEZLF'),; therefore the time 
of one oſcillation, is to the time of deſcent through 
the axis; as the circumference of the generating circle, 
is to its diameter, 

CoR. 3. Hence, the time of one oſcillation in dif- 
ferent cycloids, is in a ſubduplicate ratio of their 


axes J. 
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Cotes, De Deſc. Gr. Th. V. or Keil's Phyſics. Th. XXXVIII. 
1 Cotes, De Defſe. Gr. Th. II. or Keil, Th. xvil. 
1 Cotes, De Deſc. Gr. Th. II. or Keil, Th. xvii. Cor. 6. 


F 2 


N 
1 
i! 
| 
1 
g 

| 

| 


84 oF THE CYCLOID. 


SCHOLIUM. 


We before obſerved, that the center of the circle, 
having the ſame curvature with the cycloid at the 
loweſt point F, was in the axis produced, and that its 
radius was twice that axis. Therefore a body oſcil- 
lating in ſuch a circle through a very ſmall arch, (that 
is a pendulum whoſe length is double the axis) may 
be conſidered as oſcillating in that cycloid, and what 
has been ſaid of one, may be applied to the other. 


ESSAY 


E 


ON DEFINITION I. axp COR. I. PROP. 
X. WITH COR. I. PROP. XIII. BOOK I. 
of NEWTON's PRINCIPIA. 


ON DEFINITION I. B. I. OF NEWTON'S PRINCIPIA, 


DIFFICULTY occurs at the very firſt enterance 

on this curious and wonderful book. The 
quantity of matter in any body (ſays Newton) is to 
be meaſured by its denſity and magnitude together. 
The magnitude or ſolid content, being a mode of 
extenſion, has clearly a meaſure in itſelf: but what 
is the meaſure of denſity ? Will you ſay that denſity 
is as the weight directly and magnitude inverſely “? 
Why then not ſay at once, that the quantity of mat- 
ter in any body, is to be meaſured by its weight 
alone; without any regard either to denſity or magni- 
tude? And it might ſeem ſo by thoſe words, innoteſcit 
ca per corporis cujuſque pondus. But it is not Newton's 
intention, by virtue of a definition, to conſtitute 
weight the meaſure of quantity of matter. He gives a 
reaſon why the quantity of matter in every =— is 
Known 


* Mac Laurin's Account of Newton, p. 107. 
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known- by its weight. Nam ponderi proportionalem 

eſſe reperi per experimenta. This then 1s a propoſition 

to be proved; although the definition of the term, 

22 of matter, is not yet ſettled, and nothing has 
en ſaid about forces. 

Let us conſider the experiment referred to by 
Newton; and ſee what can be deduced from i it. Let 
then two bodies deſcend from reſt, for a given time; 
at the end of this time they will have acquired equal 
velocities. This is all you fee in the, experiment; 
now for the argument. If then you pleaſe to meaſure 
quantity of motion, by velocity and quantity of mat- 
ter conjointly, according to Definition II; you may 
fay, their — of motion, is as their unknown 
quantity of matter: and if you further pleaſe to mea- 
ſure quantity of force, by the motion it generates in 
a given time, then you may alſo ſay, that their un- 
known force of gravitation, is as their unknown 
quantity of matter. That is, as the quantity of mat- 
ter in one body is to the quantity of matter in the 
other; ſo is the force of gravitation in the former bo- 
dy, to the force of gravitation in the latter. The an- 
tecedents of .the terms of this proportion, are to be 
fixed by experiment. Thus — There 1s a certain 
unknown quantity of matter in a lump of braſs, 
whole natural force of gravitation is called one pound. 
Experiment ſhows that this force, exerted on this 
| quantity of matter, for one ſecond of time, generates 
it in it, a velocity which (uniformly continued) would 
| carry it through 32 feet in that time“. And becauſe 
| this very Tame velocity (of 32 feet in a ſecond) is 
N generated in the ſame time, in all other bodies, by 
| their reſpective forces of gravitation ; it 1s concluded, 
as before, that the proportion of the quantity of 
| matter in this lump of brals, to the quantity of mat- 
| 


ter in amy other body; and alſo the proportion of tt e 
force ot gravitation in this lump of braſs, to the 
force 


It is in ſtrictneſs 327 feet, but v we take round numbers, Sce 
this afterwards proved. 
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force of gravitation in that other body, is the ſame.  - 


But this proportion though the ſame, is at preſent 
unknown; and we are yet to ſeck either for a mea- 
ſure of the quantity of matter in any two bodies, or 
for a meaſure of their force of gravitation, Thus 


much we have obtained, we need not ſeek both: but 


to meaſure the unknown quantity of matter, by 
quantity of force, and the equally unknown quantity 
of force, by quantity of matter, is to argue in a circle. 

Now though the proportion of the force of gravity 


in any two bodies is yet unknown, yet the equality 


of that force in a particular caſe may be experimental- 
ly aſcertained thus. Let there be two bodies, one of 
lead, and one of wood, of ſuch a ſhape that the pro- 
portion of their ſolid contents can be experimentally 
known by meaſuration. Let the leaden body be ex- 
actly counterpoiſed in a pair of ſcales, Remove the 
leaden body, and put the wooden one into its place. 
Alter its ſize (keeping the form regular) *cill it ex- 
actly balances the tame counterpoiſe in the oppoſite 
ſcale, that the leaden one did. Now when we ſee in 
fact, that the effect of their weight is the ſame, we 
muſt admit, that the force of gravitation in each body 
is equal“. 

Now, if the force of gravitation be equal, it fol- 
lows from the experiment on falling bodies, that (ac- 
cording to Def. II. and VIII.) we mult account the 
quantity of matter in theſe two bodies equal. Call 
chis 1. Take D to d, in the inverſe ratio of their 
magnitude, when their weights are equal; that is, let 
D be to d, as the magnitude of the wooden body, to 
the magnitude of the leaden one; but call D the den- 
ſity of the leaden body, and d the denſity of the 
wooden one. Suppoſe now the wooden body reduced 

ro 


* The balance is (in this way) a teſt of the equality of two 
weights: but at preſent it wants a proof, that the balance is a 
teſt alſo of the proportion of two weights; that is, of the force of 

ravitation of two bodies. Another meaſure of that force, (and 
2 in general) is laid down in def, VIII. 
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to the ſame ſize with the leaden one; then will its 
quantity of matter be reduced in the ratio of D to d; 
that is, as Dis od, ſo is 1 to J. and £; will be the 
quantity of matter in this fiftitious wooden body, 
whoſe magnitude 1s equal to the magnitude of the 
leaden one: and this, becauſe in two homogeneous 
bodies, (ſuch as the two wooden ones) the quantity of 
matter is proportional to their magnitude . We 


have then two bodies equal in magnitude, and have 


ſhown (by conſequence) from the experiment on fall- 
ing bodies, that the quantity of matter in the leaden 
body, is to the quantity of matter in the wooden 


body, as 1 to B' or as D to d. Now, if the magni- 


tude of the leaden body be changed, its quantity of 


matter will alſo be changed proportionally; becauſe 
in homogeneous bodies, quantity of matter is as their 
magnitude. The ſame is true alſo of the wooden 
body. Let then M be the magnitude of the Jeaden 
body, and let m be that of the wooden one, and their 
quantity of matter will be as MX D to Nd. 

We have then a definition of denſity, The in- 
verſe ratio of the magnitude of two bodies, having 
experimentally equal weights; conſtitutes what is to 
be called the ratio of their denſities. 

It will be ſaid, that we introduce definitions II. 
and VIII. to explain definition I. It is molt likely, 
the meaſure of force was ſettled firſt; and quantity of 


motion was aſſigned for its meaſure, > e of 


motion mult of courſe be ſettled next: velocity and 
quantity of matter are appointed for its meaſure. 


Magnitude and denſity, are conſtituted the meaſure 


of quantity of matter, Magnitude, being a mode of 
ee extenſion 


This is the definition of homogeneous bodies. 


In confidering the quantity of matter in any body, we muſt 
admit the poſlibility of there being more or leſs in the ſame 


| ſpace; that ſome bodies are homogeneous, others heterogeneous, 


and other circumſlances of denſity. | 
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extenſion, has a meaſure in itſelf, and denſity is de- 
termined by experiment as before. For we muſt ul- 
timately build upon experiment, or the whole fabric 
would be viſionary, and have no relation to nature. 
In teaching philoſophy ſcientifically, theſe definitions 
muſt be ranged in the contrary order; beginning with 
thoſe quantities, whoſe meaſure is in nature; uſing in 
the ſubſequent definitions, no term but what has been 
before explained. 

We have before obſerved, that in every ſyſtem of 
gravitation, this rule obtains, viz. as the 5 of 
matter in one body, is to the quantity of matter in 
another; ſo is the force of gravitation in the former 
body, to the force of gravitation in the latter“ . And 
alſo that the antecedents of this proportion, ſettled 
experimentally, conſtitutes every particular ſyſtem of 
gravitation. We come now to conſider the compa- 
riſon of different ſyſtems of gravitation. 

To explain this, ſuppoſe the lump of braſs, for- 
merly mentioned, and weighing one pound at the 
ſurface of the earth, to be carried up to ſuch a di- 
ſtance from the earth, as to weigh only half a pound+, 
This force (half the former) exerted on S ſame 
lump of braſs, for one ſecond of time (as before) 
would generate in it only half the former velocity 
(Def. VIII.) that is, a velocity which uniformly con- 
tinued, would carry it through, (only) 16 feet in a ſe- 
cond of time. But if the force of gravity in theſe 
upper regions, is alſo proportional to the quantity of mat- 
ter, then all other bodies, of what ſort ſoever, will by 
the force of their reſpective gravities in thoſe upper 
regions, alſo acquire the ſame velocity in one ſecond 
of time, viz. a velocity of 16 feet in a ſecond ; juſt as 
all bodies whatever, at the ſurface of the earth, ac- 
quire a velocity of 32 feet in a ſecond. 
| There. 


* Tt is this very circumſtanee that conſtitutes what is called a 
Cytem A Gravitation. 

1 + We ſuppoſe the force with which the earth attracts all bodies 

to be leſſened, as their diſtance from it 1s increaſed, 
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Therefore, to compare one ſyſtem of gravitation 
with another, we need not make our experiments on 
the ſame lump of braſs, or ſame body, or even regard 
quantity of matter: for the velocity generated in the 
fame time in any two bodies whatever (one in each 
ſyſtem) will be the ſame reſpectively as would be 
generated in two other bodies (one in each ſyſtem) 
but having equal quantities of matter. And in that 
caſe it is evident, that the general force of gravitation, 
is as the velocities generated in theſe equal bodies, 
in equal times, by det. VIII. 

Hence it is, that in all Newton's propoſitions about 
centripetal forces, no regard is had to the quantity of 
matter in the revolving bodies. The very fame ve- 
Jocities, that is, the very ſame linear motions will be 
generated by thoſe central forces, whether the at- 
tracted bodies be great or ſmall, and whatever be the 
denſity of the matter of which they are compoſed. 
Their motions will depcnd on what is called their 
vis acceleratrix only. 

But if it be true, that the particular gravitation of 
every body in every ſyſtem, depends not only on the 
quantity of matter in the body ſo attracted, but alſo 
on the quantity of matter in the attracting or central 
body (it being cæteris paribus proportional thereto) 
then the vis acceleratrix of the attracted body, is as 
the quantity of matter in the central body; and on 
this principle is founded the enquiry into the quan- 
tity of matter, denſity, &c. of the ſun, and ſuch of 
the planets, as have ſatellites revolving round them. 
Book III. prop. 8. 

Let us now conſider in what way the velocity, ac- 
quired by any body in falling from reſt is derived 
from the motion of pendulums: for it is impoſſible 
to find this by direct experiment. 

Let then the body in queſtion, be ſuſpended 
by a ſtring, or rod, and made to oſcillate as a 
pendulum; and call the length of the PR 

FP. ro 
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rad IJ“. Let the periphery of the circle be to its di- 
ameter as ↄ to 1. I ſay then, that Lxpp will be the 
velocity which that ſame body will acquire in falling 
from reſt for the time of one oſcillation. Or thus. p 
is equal to 3, 1416; therefore pp=9,8695, Now, 
,8695 times the length of the pendulum, will be the 
line that would be deicribed with the velocity acquired 
(by the oſcillating body) in the manner aforeſaid; 
provided that velocity was uniformly continued for 
the time of one oſcillation. | 
For p is to 1, as the time of one oſcillation, or r, is 


to the time of deſcent through ZL; which time 
therefore is - Again, it will be as the ſquare of the 


time of deſcent through BL, or = is to the ſquare 


of the time of one oſcillation, or zz: ſo is the ſpace de- 
ſcended through in the former time, or ZL; to the 


ſpace 


This length muſt be reckoned from the center of ſuſpenſion 
to the center of oſcillation. 

When the pendulum is applied to a clock, the clock-weight 
acting through the wheels, preſerves the motion of the pendulum. 
But this is the leaſt valuable property of the clock. The wheels 
ſerve alſo to count the number of oſcillations in a ſiderial day, 
and hence is derived the time of one oſcillation. Thus, a ſiderial 
day is 23 hours and 56 minutes, or 86160 ſeconds. Therefore 
if the pendulum makes 86160 oſcillations in a fiderial day, it 
ſwings /econds. 

It 1s probable, the firſt inventor of pendulum clocks meant no 
more than to contrive a machine to count the oſcillations of the 

ndulum; and it became accidentally a T1ME-KEEPER, Heve- 
2 and others, complain of the trouble of counting the oſcilla- 
tions of the pendulum, while they uſed it in its detached tate in 
their aſtronomical obſervations. See Hewelius's Machina Caleftis; 
and the experiments of the Academie del Cimento, by Waller, p. io. 

+ See the latter end of Eſſay IV. The rules reſpecting the de- 
ſcent of heavy bodies ated upon by an uniform gravity, and the 
rules reſpecting the motion of pendulums, are here ſuppoſed to 
be known. Theſe rules are clearly demonſtrated by Mr. Huygens 
in his Horologium Oſcillatorium, which in the opinion of a very 
able judge, Mr. Baron Maſeres, is the model of good writing on a 


ſubject of mathematical philoſophy. 
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ſpace deſcended through in the latter time, or the 
time 7; which ſpace therefore is Z Lx pp; but in this 
time of deſcent (or the time of one oſcillation} the 
body by its laſt velocity, uniformly continned, would 
be carried through double that ſpace, or Lxpp, 
which was to be ſhown. 

- Let L be the length of a pendulum, having a 
leaden ball, and oſcillating ſeconds at Paris; and let 
be the length of a pendulum, having the fame leaden 
ball, oſcillating ſeconds under the equator. Then is 
Lxpp the velocity which this ball would acquire in 
one ſecond, in falling from reſt at Paris; and Ixpp, 
is the velocity acquired by the ſame ball in falling 
in like manner at the equator. Let g be the quantity 
of matter in this leaden ball, which whatever it be, is 
the ſame both at Paris and at the equator. Then by 
definition II. ZXppxy, is the quantity of motion ge- 
nerated in one ſecond by the force of gravitation at 
Paris; and /XppXgq is the quantity of motion gene- 
rated in the ſame time by the force of gravitation at 
the equator. Therefore by definition VIII. as 
EZxppx9 is toIXppXyg, ſo is the force of gravitation 
at Paris to the force of gravitation at the equator; 


which is therefore as L 1s to l. or as 36 2553 is to 


36 . or as 2295665 to 2290000. See Principia, 


L. III. prop. 8. : 1 
There is no neceſſity in this caſe, to ſuppoſe the 
experiment made on the ſame pendulum. Suppoſe 
the pendulum ball at Paris had been of gold, and of 
any ſize: the time of one oſcillation of this golden 
ball at Paris, will be the ſame as that of the aforeſaid 
leaden ball at Paris. Quantity of matter makes no 
difference in the time of one oſcillation, nor in the 
velocity generated by the force of gravity, when that 
force is proportional to the quantity ef matter, as has 
been obſerved. And this rule obtains both 22 
yuem 
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ſyſtem of gravitation of all bodies at Paris; and in 
the gravitation of all bodies under the equator. 

To return to our ſubject. The other definitions 
have more or leſs ſome what of an obſcurity in them. 
The ſixth in particular is liable to the ſame objection 
with the firſt, For what is the efficacy of a cauſe? 
This definition is not quoted any where, nor does 
there ſeem to be any neceſſity for eſtabliſhing a mea- 
ſure of the abſolute quantity of centripetal force; 
but if there be, the gfficacy of the cauſe that propagates 
it, cannot be applied to this purpoſe, as wanting a 
meaſure itſelf. Mac Laurin, and after him Mr. 
Thorpe ſays, The abſolute quantity of centripetal 
force, is meaſured by the motion generated in the 
e ſame time, in equal bodies placed at equal diſtances 
« from different central bodies.” T. But neither can 
this be admitted, unleſs the Law of the variation of 
thoſe centripetal forces be the ſame. If one centri- 

tal force be in an inverſe duplicate, and the other 
in an inverſe triplicate ratio of the diſtances from the 
central bodies; then the proportion of their abſolute 
forces, meaſured in this manner, will vary as thoſe 
equal diſtances vary. And if the law of the centripe- 
tal force in two different ſyſtems be as any power of 
the diſtance ; (but a different power in the two ſyſtems) 
then there will always be one particular diſtance at 
which the centripetal force in cach ſyſtem will be 
equal; and therefore this can be no rule, whereby to 
determine the ratio of the abſolute centripetal forces 
in any two ſuch ſyſtems. | 

There are who look upon theſe things, reſpecting 
the logical part of the Newtonian Philoſophy, as fri- 
volous niceties. But is the Newtonian philoſophy 
SCIENCE ? Is it the regular deductions of REASON, 
from CLEAR PRINCIPLES? Is it what Newton him- 
ſelf ſays it is — © The whole ſcience of motion accu- 
« rately propoſed and demonſtrated : r 

a from 


® Account of Newton's Diſcoveries, p. 108. 
+ In his Tranſlation and Commentary on Newton, 
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« from any forces given, the motions that will reſult 
* from them; — converſely, from any motions 
given, tracing the forces which are required to 
« produce them.“ Or, is the Newtonian: philoſo- 
phy like the philoſophy of electricity, magnetiſm, &c. 
mere gueſs work from a very ſlender analogy +. Men 
may amuſe themſelves with making curious experi- 
ments on ſuch ſubjects. In time, when a very great 
number can be compared together, and with the 
other phænomena of nature; that univerſal principle, 
both of the coherence and motion of all bodies (which 
Newton ever ſuppoſed ꝓ) may poſſibly be diſcovered: 
But a philoſophy, term it Newtonian or what you 
will, which is no ſcience, is no improvement of the 
underſtanding; nor worthy to be made the ſolemn 
object of purſuit, by the ſtudents in our UNIVERsSI- 
TIES. 


% 


ON COR. 1. PROP. x. AND COR. I. PROP, X111. B. I. 
OF THE PRINCIPIA, 


In Princip. Lib. I. Prop. X. Cor. I. Newton lays 
down the converſe of Prop. X. and in Prop. XIII. 
Cor. I. he lays down the converſe of Prop. XI. XII. 
XIII. The latter part of this laſt corollary, begin- 
ning, Nam datis umbilico, &c. is added in the laſt 
edition to obviate the objection of ſome learned fo- 
reigners, that converſe propoſitions required a 

roof.“ The conciſe hint of a proof, here given 
y Newton, is much enlarged upon by the commen-. 
tators Le Seur and Facquier, who have been copied by 
others; but the reader is overwhelmed with algebra 
and geometry. Whenever the logical part of an ar- 
gument 

® Thorpe's Tranſlation of Newton's Preface. | 

+ That all we know on theſe ſubjects (at preſent) is no better, 
is evident from the many Theories of EleAricity which have ap- 

ared one after another, and are forgotten, See a Theory of 
Electricity. Phil. Tranſ. 1748. And a Theory of Magnetiſm, 


by Dr. Knight. 
t Preface to the Principia, near the end, 
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gument can be repreſented in plain words, without 

algebraic ſymbols, or geometrical diagrams; it is al- 
ways clearer, And this we propoſe to do in wane 
follows. 

All the circumſtances relating to a projectile, are 
Firſt, the point from whence the body is projected; 
that is, its diſtance from the center of the forces ; 
Secondly, the direction; Thirdly, the velocity with 
which the body is projected; and, Fourthly, the cen- 
tripetal force at the point or Jace of projection. On 
theſe depends the nature of the orbit at the point of 
projection; which may differ from this orbit at another 
point, or from another orbit at a given point, in re- 
ſpect of the following circumſtances. Firſt, in the 
diſtance of the given point of the orbit from the cen- 
ter of the forces; Secondly, in the direction of the tan- 

gent (to the orbit) drawn through that point; that is, 

the angle which that tangent makes with a line drawn 
from the center of the forces to that given point; 
Thirdly, in the curvature of the orbit at the given 
point. The firſt of theſe depends upon the place 
from whence the body is projected. The ſecond on 
the direction with which it is projected. The third 
depends on the centripetal force at the point of pro- 
jection, in conjunction both with the velocity and 
direction of the projectile. 
When all theſe are the ſame, the nature of the or- 
bit at the given point muſt be the ſame; but the na- 
ture of the orbit at all ſubſequent points, will depend 
on the variation, or law of the centripetal force. 

Now the FOCUS being given, /ome one of the three 
conic ſections may be deſcribed, which ſhall paſs 
through a point at any given diſtance from that fo- 
cus; Secondly, ſhall rouch a line {in that point) given 
in poſition ; and, Thirdly, ſhall have a given curvature 
there. Therefore a conic ſection (of fome fort) may 
be deſcribed, whole focus is the center of the forces, 
and which ſhall, at a given point, agree 1n all the 


circumſtances of any orbit that can poſſibly be de- 


ſcribed, 
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ſcribed, in conſequence of any ſuppoſed conditions 
under which a body can be CO Hence, what- 
ever thoſe conditions are, the body at the point of 
projection may be, conſidered as moving in a part of 


one of the conic ſections, whoſe focus is in the center 


of the forces. | 
Bur if the body can ever be ſuppoſed to be mov- 
ing in any part of ſuch a conic ſection; it will thence 
forward continue to move in that conic ſection; pro- 
vided the centripetal force in other parts of the orbit, 
is to that force at the point of projection, in a reci- 
procal duplicate ratio of their diſtances from the 
center of attraction. For then the centripetal force 
is varied exactly in ſuch a manner as is neceſſary to 
keep the body in that conic ſection, as appears from 
Prop. XI. XII. XIII. For the purport of thoſe pro- 
politions is, to find in what proportion the centripe- 
tal force muſt be varied, on a ſuppoſition that the 
body is kept thereby in the propoſed orbit. 
| We ſaid, Some one of the conic ſections may be de- 
ſcribed, having the above properties — not any one of 
the three — which of the three depends on the given 


Circumſtances, 


To propoſe, a ſimple caſe: Let the tangent be per- 
pendicular to a line drawn from the center of forces 
to the point of projection; then will the point of 
projection be the vertex of the conic ſection; becauſe 
a line drawn from the focus 1s. perpendicular to the 
tangent, at no other point but the vertex. Let now 
the radius of curvature be double the diſtance of the 
point of projection from the center of the forces; 
then muſt the orbit be a parabola. For the radius 
of curvature at the vertex of any conic ſection, is the 
ſemi-parameter. This in the ellipſe is always leſs, in 
the parabola equal, in the hyperbola more than dou- 
ble the diſtance of the vertex from the focus. 

But further. An ellipſe only may be deſcribed hav- 
ing a given CENTER, and which ſhall paſs through a 
given point, touch a line (in that point) given in po- 

5 0059 ſition, 
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fition, and have a given curvature there. Therefore 
under whatever circumſtances a body may be pro 
jected, it may be ſuppoſed to begin to move in an 
ellipſe, whoſe center 1s the center of the forces. Now 
if the force at the point of projection, varies in ſubſe. 

uent parts of the orbit in the direct ratio of their di- 

ance from the center; then the body will continue 
ever after in that ſame ellipſe by ip X. And thus 4 
the converſe of that propoſition is demonſtrated juſt 
as the converſe of Prop. XI. XII. XIII. was demon- 
ſtrated. 

We will illuſtrate this by a caſe ſimilar to what we 
had before. Let the tangent of ap ung as before, 
be perpendicular to a line drawn from the center to 
the point of projection, then that point muſt be the 
extremity either of the firſt or ſecond axis. For a 
line drawn from the center of an ellipſe, is perpendi- 
cular to the tangent at no other point, but one of 
thoſe two. Let, as before, the radius of curvature 
be double the diſtance of the point of projection 
from the center, then muſt that point be the extre- 
mity of the ſecond axis. For, ſuppoſing the axes 
unequal; the ſemi-parameter, at the end of the firſt 
axis, is always leſs, at the end of the ſecond axis, al- 
ways greater, than the diſtance of thoſe points from 
the center of the ellipſe. When' the two axes are 
equal (thar is, when the ellipſe becomes a circle) the 
ſemi-parameter is equal to that diſtance. 

In the caſe here propoſed, it is eaſy to ſee that the 
line drawn from the center of forces, to the point of 
projection, is the leſs ſemi- axis; and that the greater 
axis mult be to the leſs as V2 to 1: for then the 
-ſemi-parameter to the leſs axis, is double the leſs ſe- 
mi- axis, or double the diſtance of the point of pro- 
jection, from the center of the forces, as was re- 
quired; 
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